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In this note, we provide a full proof of the following result, which is presented as Proposition 4 in [1].

Theorem 1. Let
P(Z) = a’nbnzn + anflbnflznil + -4 a0b0~

If the following conditions hold
® Uy > ap_1 > >ag >0,
® b, =bg, Vk,
o The sequence (bo, by, ...,by) is positive and conver, i.e. by, > 0 for all k and by — byp—1 < b1 — by,
fork=1,....n—1,
then all roots of P are strictly in the unit-disk: P(z) =0 = |z| < 1.

Our proof is decomposed in three parts, presented in the three following sections.

1 Concentric circles

Suppose that starting from an initial point sg in the plane, one moves by a distance ¢, calls the arrival
point s1, then rotates by an angle 6, moves by a distance ¢ in the new direction, calls s5 the arrival point,
and keeps repeating these operations. It is well known that all points s lie in that case on a same circle
and are thus all at equal distance from the center g of that circle. We prove in this section that, if the
distance travelled at each iteration varies, then provided that the sequence of distances is convex and
increasing, the sequence of distances between s; and ¢ is nondecreasing. More formally, we prove the
following Proposition.

Proposition 1. Let (cp, ¢, ..., ¢n) be a positive nondecreasing convex sequence, and fix 6 € (0,27). Let
S_1=—¢o/2, and sk = Sp—1 + cre™ for all other k. Let then g = iﬁ&/?)' There holds
Isc1—gl=1lso—g|<|s1—g| < <[sm —ygl, (1)

and the equality holds if all ¢, are equal.

To obtain this result, we need three lemmas. The first of them, which is about the decomposition of
nonnegative nondecreasing convex sequence, can easily be proved by induction.

Lemma 1. Let (¢co,c1,...,¢m) be a nonnegative nondecreasing convez sequence, then there exist nonneg-
ative coefficients uq, ..., Uy, such that
(co, ¢1, ooy em) = ¢ (1, 1, 1, 1, ... 1)
+ w (0, 1, 2, 3, ..., m)
+ w (0, 0, 1, 2, ..., m-—1) (2)
+ w, (0, 0, 0, ..., O, 1).

Moreover, cg + Zq ug(m —q+1) = ¢y, and co + Zq Ug(m —q+2) = ¢ + (e, — Cm—1).



The following two Lemmas are technical results about computations used in the proof of Proposition
1.

Lemma 2. For every 6 and integer k, there holds
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—ki6 ez’ i0 2i0 (k—1)i0 —_1/9
§R<e <2sin(9/2)+e +e+ . e )) /2. (3)

Proof. We first evaluate the first term

—kif e el Ry & (5 —k)i
x (e 281n(0/2)> =R <_Z2Sin(9/2)> = (25111(9/2)) . (4)

k=1 _ 2F—z
- z—1"

Consider now the second term, and remember that z + 22 + ... + z The real part of

e~ ki0 (ew +e20 . e(k_l)w) can thus be reexpressed as

e W et S WP e
eif — 1 - ci0/2 —gioj2z | T~ 2sin(6/2)

Together with equation (4), this implies that the first member of (3) is equal to

5 e(3—K)ib N e~ 30 _ o(3—k)ib . e~ 30 B _1
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Lemma 3. For every 6 # 0 and integer k, there holds
R (e"”’" (e”’ + 2% 4330 44 (k- 1)e<’“—1>"9)) > —k/2. (5)

Proof. The following equality can be proved using standard algebraic tools'

24224383+ (k-1 =k & —z ol
z—1 (z —1)2°

The first term of equation (5) can thus be rewritten as
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Observe now that

k Le—i9/2 ke 10/2
G 1 ci/2 _ -2 '2sin(6/2)’
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The second term of (6) can be rewritten as

so that

—iko 1 — e—ike 1 — e—iko

_wel—e _ _
(eif — 1) (ei0/2 — efi0/2)2 4sin*(0/2)’

which has a nonnegative real part. This, together with equation (7) implies the desired result. O

IThis can be proved by recurrence, or using the observation that 1 + 2z + 322 + ... + (k — 1)zF—2 =
(T+z+22 4234 4201



We can now prove Proposition 1.

Proof. Observe first that sg = ¢p/2 = —s_1 and thus that [s_; — g| = |so — g, as ¢ has no real part. The
inequality |s1 — g| > |so — g| can also easily be verified.
Consider now an arbitrary k > 1, and let us show that |s — g| > |sp—1 — g|. The recursive definition
of s implies that
sk — 91> = lsk-1 — gI* + & + 2R (cxe ™ (s5-1 — 9)) -
ki

We therefore just need to prove that R (e Sk—1 — g)) > —%ck, for any given k. One can verify that

So—9g= meig%. Together with the definition of the sj, this implies that

R (efkie(sk_l _ g)) - R <6ki0 (25111 9/2 =4 Zcqeqw)) )

It follows from Lemma 1 (applied to k — 1) that this can be rewritten as

k-1 k—j
—kif i0 —kif +j—1)i0
co§R<e (251119/2 +Zeq >>+jz_:1uj%<e ;qe(q i=1) ), (8)

with nonnegative coefficient u; satisfying ¢y + Z 1 uJ(k +1—j) = cp_1+ (k1 — ck—2). We treat
separately the two parts of this quantity. For the ﬁrst part, it follows from Lemma 2 that

-y
coR <e‘ki9 <2sin(9/2) + q; eqw)) = —cp/2. (9)

For the second part, observe that

k—j k—j
e kib Z qe(q+j—1)i9 — o (k—j+1)i0 Z qeqie‘
q=1

It follows therefore from Lemma 3 that

= k—j+1
—kio (a+5)i0 | ~ _ 2
R (e q;qe > > 5 .

Reintroducing this and (9) in (8), we obtain

k—1

R (e_kie(skq _ g)) > _% co + ;uj(k; +1-3j) | = —% (k=1 + (cr—1 — cr—2)), (10)

where we have used the equality ¢ + Z . u](k +1—7) =cr_1+ (ck—1 — ck—2). Since the sequence
¢ is convex, and thus ¢x > cx—1 + (k-1 — cx—2), this implies that |si —g| = |Sgp—1 —g\z + ci +
2R (cke ™ (sp—1 — g)) > [sk—1 — g|* and thus that the sequence |s; — g|,[s2 — g|, ..., |$m — g| is nonde-
creasing since our derivation is valid for every k.

O

Remark 1. The convezity condition of Proposition 1 is actually also a necessary condition, in the sense
that if the sequence of ¢y is not conver, there exists a 0 for which the inequalities 1 do not hold. Observe
indeed that for 0 = m, the inequality of Lemma 3 is tight and so is thus the inequality (10). Therefore, if
e < Cp—1+ (C—1 — cp—2), then sk — g| < |sp—1 — gl

The following Corollary will be useful to treat polynomials of odd degrees.



Corollary 1. Let (co,c1,--.,¢n) be a positive nondecreasing conver sequence, and fiz 0 € (0,2m). Let

sy =0, and s\, = s, _, + ce*?.e9/2. Let then g’ = m There holds

sLi =gl =1so—g1<Isi =g < < s; = g,
and the equality holds if all ¢, are equal.

Proof. This Corollary is proved by applying a translation of ¢¢/2 followed by a rotation of /2 to the
statement of Proposition 1. It is easy to verify that this distance preserving operation sends every s; of
the Proposition 1 to the s}, of this corollary. Moreover, it also sends g of Proposition 1 to ¢’, as

£i0/2 ( ico c20> e (icos(G/Q) N sin(0/2) ) et

2 tan(6/2) 2sin(0/2) | 2sin(0/2) )  2sin(0/2) ~ 7
O
2 Strict convex hulls and truncated polynomials
In this section, we use the notion of strict convex hull. For a finite set of points s1,...,s,, we call the
set {D o, Nisi t A > 0,> . A\ = 1} the strict convex hull of s1,. .., sy.
Lemma 4. Let s1,...,s, € R? be a set of points that are not all equal and z a point in the same space.

If there exists g € R? such that ||z — g||, > ||sk — gl|, for every k =1,...,n, then z does not belong to
the strict convex hull of s1,...,sn.

Proof. Assume without loss of generality that ¢ = 0, and suppose that z = > \;s; with \; > 0. Then
there holds

||Z||2 = ZAZ HSZHQ +Z/\ Aj(si - s5) < ZA2 ||51||2 +Z)‘ Aj il [1s5lly < max||sl||2

i#] i#£]

where the first inequality is strict unless all s; are proportional one to each other with positive coefficients,
and the second one is strict unless all s; have the same norm. So if z is in the strict convex hull of s, ..., s,
either ||z||, < max; ||s;||, or all s; have the same norm while being all proportional to each others with
positive coefficients, and are thus all equal. ]

We now prove the following proposition, which translates Proposition 1 in terms of strict convex hull
of the values of truncated polynomials.

Proposition 2. Let b,,b,_1,...,by be a positive convexr symmetric sequence as in Theorem 1. Then for
any 0, the strict convex hull of the following points does not contain 0.
$n(0) = bpe™?
Snil(e) _ bnenze 4 bnile(n—l)w
bnenw + bn_le(n—l)w + bn_ge(n—Z)iO (11)

Sn_2(9> =

Proof. If 6 is an integer multiple of 27, all s; are positive real numbers, and the result is immediate. Let
us then fix a 6 € (0,27), and suppose first that n is even. We have then

(bnvb’nfla"~b0) = (cmucm717~"7C17007cl7"'cm>7

with m = n/2, and where the sequence cg, ¢1, ..., ¢y, s positive, nondecreasing and convex. Let

g* = ey €20 +Cm_1e(2mf1)w 4o oepemTDi0 %emi().
For every k, let then ¢ = e—mib (sk — g*), with the convention that s,+1 = 0. The inclusion relations
are invariant under rotations and translations. Therefore, we want to prove that ¢, is not in the strict
convex hull of qg,q1,...,qn-



Observe that ¢n+1 = —co/2, and that ¢m_r = ¢mi1-k + cre % Proposition 1 implies thus the
existence of a g on the imaginary axis such that

|gm+1 =91 < lgm — 9| < lgm-1 -9/ <+~ <lq —g|. (12)

Moreover, observe that ¢,+r = —@m+1—k, i-€., they have the same imaginary part and opposite real

parts. There holds therefore |gn+k — 9| = |gm+1-k — g| since g has no real part. Together with the
inequality (12), this implies that |g,+1 — g| > |gx — g| for every k. Tt follows then from Lemma 4 that
Gn+1 is not in the strict convex hull of the g, and thus that 0 is not in the strict convex hull of the s
since the inclusion relations are invariant under rotations and translations.

Suppose now that n is odd. In that case, we can rewrite the sequence of coefficient as

(bn7 bn—la e bO) - (CWHCm—lv ...,C1,C0,C0,C14 - Cm)
with m = (n — 1)/2. We define

g = @I o oGmeDie L o(m2)i0 o (me1)i6

(observe that ¢y is not divided by 2 here), and for every k, ¢, = e~ (mt3)if (s —g*). Observe that
gm+1 = 0, that ¢m—r = gmy1-x + cpe 0 e=19/2 and that Gm+1+k = —Qqm+1—k. We can then apply the
same argument as in the even case, using Corollary 1 instead of Proposition 1. O

3 Proof of Theorem 1

We can now prove Theorem 1.

Proof. Fix a polynomial P, and assume without loss of generality that a,, = 1. Suppose, to obtain a
contradiction, that P(re?) = 0 for some 0, and r > 1. Dividing P(re?®) = 0 by r™, we obtain:

anbne™® + ap_1r 1Y L qor Ty = 0. (13)
Observe that since r > 1 and 1 = a,, > ap_1 > ...ag > 0, there holds 1 = ay,, > @17~ > -+ > aor ™.
Let Ao = agr™™, and for k = 1,...,n, \p = apr® " — ap_17*=17". Clearly, \x € (0,1) holds for every k,
and ), Ap = a, = 1. We can then rewrite equation (13) as
nif

0 An
A

bre
n—1 (bnenm + bn—le(n_l)w)

+ 1l

(14)
+ )\0 (bneme 4 bnile(n—l)ie N bO) )

The point 0 would thus be in the strict convex hull of the points listed in equation (14), in contradiction
with Proposition 2. ]

Note that the convex-hull based approach of this last part of the proof can be applied to any class of
polynomials of the form ), arbp 2" with positive real coefficients ay, by, and where the sequence of ay, is
increasing.
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