Approximating the spectral radius of sets of matrices in the max-algebra is NP-hard^∗

Vincent D. Blondel^† Stéphane Gaub ert^‡ John N. Tsitsiklis^§

Abstract

The lower and average spectral radii measure the minimal and average growth rates, respectively, of long products of matrices tak en from a finite set. The logarithm of the average spectral radius is traditionally called the Lyapuno v exponent. When one forms these products in the maxalgebra, we obtain quan tities that measure the performance of Discrete Event Systems. We show that appro ximating the lower and average maxalgebraic spectral radii is NP-hard.

1 Intro duction

For all positive real numbers p, the semiring R_p is the set of real nonnegativ e numbers, R^+ , equipp ed with the addition

a +_p b^{def}= (a^p + b^p)^{1p} , (1)

together with the usual multiplication. This family of semirings was introduced independently by Maslov and Pap (see e.g. [17, 19] and the references therein). It has the following remark able property: all the semirings R_p are isomorphic to the ordinary semiring R_1 of real nonnegativ e numbers equipp ed with the usual operations. Letting p tend to ∞ in (1), we obtain:

a +_∞ b = max(a, b) .

∗ This work was partly supp orted by a gran t Tournesol (Programme de coopération scientifique entre la France et la comm unaut é Fran¸caise de Belgique), by the Europ ean Comm unit y Framew ork IV program through the researc h net work ALAPEDES (“The Algebraic Approac h to Performance Evaluation of Discrete Event Systems”, RB-FMRX-CT-96-0074), and by the National Science Foundation under gran t ACI-9873339.

†Institute of Mathematics, Univ ersit y of Liège, Sart Tilman B37, B-4000 Liège, Belgium; email: vblondel@ulg.ac.b e

‡ INRIA, Domaine de Voluceau BP105, F-78153 Le Chesna y Cédex, France; email: Stephane.Gaub ert@inria.fr

§Lab oratory for Information and Decision Systems, Massac husetts Institute of Technology , Cam bridge, MA 02139, USA; email: jnt@mit.edu

The corresp onding semiring R_∞ (the set R^+ , equipp ed with +_∞ and the usual multiplication) is the max-times semiring or “max-algebra”, whose role in dynamic programming, discrete event system theory, optimal control, and asymptotic analysis is well known (see e.g. [1, 18, 17, 13, 16]). In contrast to the semirings R_p for finite p, this semiring is not isomorphic to R_1. In discrete event systems applications, the max-algebra more frequently appears in an isomorphic additiv e form, the semiring R_{max} , which is the set R∪ {−∞} , equipp ed with max as addition, and + as multiplication. The isomorphism is given by x → logx : R_∞ → R_{max} . To emphasize the parallel with existing results, we will state all our results in terms of R_∞ (see Table 1).

In the sequel, we will use the familiar algebraic notation in the context of the semiring R_p, without further comments: e.g., if A ∈ R^{r × s}_p and B ∈ R^{s× t}_p , AB is the r × t matrix with entries A_{ij} = A_{i1}B_{1j} +_p ···+_p A_{is} B_{sj} . Let ‖ ·‖ denote a (conventional) norm on R^{r × r} . To a finite set of matrices {A_1,... ,A_l} ⊂ R^{r × r}_p , we associate:

ρ_{max} (A_1,... ,A_l)^{def}= lim_{k→∞} max_{i1 ,... ,i k ∈{ 1,... ,l}} ‖A_{i1} ···A_{ik} ‖^{1k} , (2a)

ρ_{min} (A_1,... ,A_l)^{def}= lim_{k→∞} min_{i1 ,... ,i k ∈{ 1,... ,l}} ‖A_{i1} ···A_{ik} ‖^{1k} , (2b)

ρ_E(A_1,... ,A_l)^{def}= a.s. lim_{k→∞} ‖A_{i1} ···A_{ik} ‖^{1k} , (2c)

where in (2c), i_1,i_2,... is a random i.i.d. sequence of elements of {1,... ,l} drawn with the uniform distribution. The existence and values of all the limits in (2) are clearly independent of the choice of the norm. In particular, we may take the norm ‖A‖ = max_{1≤ i≤ r} |A_{i1}|+_p |A_{i2}|+_p ···+_p |A_{ir} which satisfies ‖AB‖ ≤ ‖A‖‖B‖. Then, by a classical argumen t, the existence of the limit (2a) follows easily from the fact that the sequence w_k = max_{i1 ,... ,i k} ‖A_{i1} ···A_{ik} ‖ is submultiplicativ e, i.e. w_{k+ r} ≤ w_k w_r . The existence of ρ_{min} is proved by the same argumen t. As shown in [7] and [1, Chap. 7], the existence of ρ_E follows from Kingman’s subadditiv e ergodic theorem. We will call ρ_{max} , ρ_{min} and ρ_E the upper, lower, and average spectral radius of {A_1,... ,A_l}, respectively. The logarithm of ρ_E is traditionally called the Lyapunov exponent or Lyapunov indicator . We note that, trivially,

ρ_{min} ≤ ρ_E ≤ ρ_{max} . (3)

When p = 1, both the upper and average spectral radius are much studied quantities which are notoriously difficult to compute or approximate in practice. In [4, Th. 1 and 2], it was shown that even in the case of two matrices A_0,A_1 with entries in {0,1}, approximating ρ_{max} , ρ_{min} and ρ_E is NP-hard. Using the fact that all the semirings R_p with finite p are isomorphic, it follows that analogous results hold for all semirings R_p. In [4, Th. 1 and 2] it was also shown that, if we allow the entries of A_0,A_1 to be in Z, there is no algorithm that can distinguish between instances with ρ_{min} = 0 from instances with ρ_{min} = 1, and similarly for ρ_E. In particular, ρ_{min} and ρ_E cannot be approximated algorithmically , and the problem of deciding whether they are zero is undecidable. The situation for ρ_{max} is differen t. Using the inequalities derived in [8], it is immediate to see that ρ_{max} can be approximated algorithmically to arbitrary precision. One such algorithm is given in [15].

When p = ∞ , the quantities ρ_{max} , ρ_{min} , and ρ_E have been much studied by the Discrete Event Systems community. As shown in [1], the Lyapunov exponent logρ_E measures the cycle time (inverse of the throughput) of random max-plus linear discrete event systems. Its study (structural properties, bounds, etc.) is one of the central themes of [1]. The logarithm of ρ_{max} was called worst case Lyapunov exponent in [10], for it measures the worst case cycle time of certain max-plus linear discrete event systems. For a dual reason, the logarithm of ρ_{min} was called optimal case Lyapunov exponent. Since the maximization operation which is involved in the definition of ρ_{max} is somehow compatible with the structure laws of the max-algebra, ρ_{max} can be computed quite easily: as shown in [10], it coincides with the spectral radius of the single matrix A = A_1 +_∞ ···+_∞ A_l, which can be computed in polynomial time. So far, the basic general technique to compute ρ_{min} and ρ_E consists of using an “induced Markov chain” construction in the max-algebraic projective space [1, §8.4],[10, §VII]: when this chain is finite, both ρ_{min} and ρ_E can be computed with a number of arithmetic operations which is polynomial in the number of states of the chain. In some other special cases, ρ_E can also be computed via generating series techniques [14], or, as illustrated in [6], by finding a closed form expression for the invariant measure of the above mentioned Markov chain, which is denumerable, in general. A differen t approac h was used in [2]: we can define more generally ρ_E in (2c) by drawing i_1,... ,i_k with a i.i.d. but non uniform distribution π = (π_1,π_2,... ,π_l) where π_j is the probabilit y of {i_1 = j}. Under some technical restrictions, ρ_E is an analytic function of π_1,... ,π_l near π = (1,0,... ,0), and the coefficien ts of its power series expansion can be effectively computed. When this series is still convergent at π = (1/l,... ,1/l), this gives a way of approximating the average spectral radius.

The purp ose of this paper is to analyze the complexit y of computing ρ_{min} and ρ_E when p = ∞ .

In a first section (§2 below) we show that, when p = ∞ , approximating ρ_{min} or ρ_E is NP-hard. Our proof of this result is based on a reworking of the argumen t of [4, Pro of of Th. 1], which, in loose terms, builds an automaton whose number of accepting paths measures the number of satisfied clauses in a given instance of the satisfiabilit y problem SAT. This argumen t does not work when p = ∞ : since +_∞ is idempotent (i.e. a +_∞ a = a), several paths count as one. However, a variant of the reduction of [5, Pro of of Th. 2] can be used to prove that approximating ρ_{min} and ρ_E is NP-hard.

In a second section (§3 below) we give a simple, independent, geometrical argumen t that shows that computing ρ_{min} is NP-hard. The argumen t is based on an intuitiv e interpretation of products of matrices in terms of the height of a heap of pieces. In [11, 12], it was shown that the total height of a Tetris-like heap of k pieces is equal to log‖A_{i1} ...A_{ik} ‖, where A_{i1} ,... ,A_{ik} are matrices associated to the pieces, and ‖A‖ = max_{ij} A_{ij} . When all the pieces are of height

ρ max ρ min and ρ E

( R, + , × ) Appro ximation algorithm [8 ] No appro ximation algorithm [4 ]

Rp = ( R+ , + p , × ) (finite p ) Appro ximation is NP-hard [4 ] Appro ximation is NP-hard [4 ]

R∞ = ( R+ , + ∞ , × ) Exact p olynomial time algorithm [10 ] Appro ximation is NP-hard [this pap er]

Table 1: Summary of complexit y results available for ρ_{max} ,ρ_{min} ,ρ_E.

1, logρ_{min} coincides with the inverse of the maximal cardinalit y of the sets of mutually disjoint pieces, hence, the NP-hardness of computing ρ_{min} follows from the NP-hardness of Set Packing [9].

2 Reduction from SAT

In the remaining part of the paper, we will assume that p = ∞ and we will use the matrix norm ‖A‖ = max_{ij} A_{ij} .

Let Σ → ρ(Σ) be a non-negativ e function that we wish to compute. We say that ρ is polynomial-time approximable if there exists an algorithm which, for every rational numbers ϵ,ϵ^′ > 0 and every Σ, returns an approximation ρ^∗(Σ ,ϵ,ϵ^′) such that |ρ^∗ − ρ| ≤ ϵρ+ ϵ^′, in time polynomial in the description size of ϵ,ϵ^′ and Σ. This allows for both an absolute and a relativ e error.

Theorem 1. Unless P= NP, the lower and average spectral radii of pairs of matric es with entries in {0,1} are not polynomial-time approximable.

Proof. Let A_1,A_2 be square matrices with entries in {0,1}. We claim that

ρ_{min} (A_1,A_2) = ρ_E(A_1,A_2) ∈ {0,1} . (4)

Indeed, in the max-algebra, any product of matrices with entries in {0,1} gives a matrix with entries in {0,1}. A fortiori, ‖A_{i1} ···A_{ik} ‖ ∈ {0,1} for all i_1,... ,i_k . Hence, if none of the products A_{i1} ···A_{ik} is 0, ρ_{min} (A_1,A_2) = ρ_E(A_1,A_2) = 1. But if one of these products is 0, then ρ_{min} (A_1,A_2) = 0 and the product that gives 0 will appear almost surely as a factor of any infinite, uniform, i.i.d., random product A_{j 1} A_{j 2} ..., which implies that ρ_E(A_1,A_2) = 0.

Due to (4), it suffices to establish the theorem for ρ_{min} . Any polynomial time approximation algorithm for ρ_{min} gives a polynomial time algorithm for distinguishing the cases ρ_{min} = 0 and ρ_{min} = 1. Thus, in order to establish the theorem, it suffices to show that the problem of determining whether ρ_{min} (A_1,A_2) = 0 is NP-hard, even for the case of binary matrices. The proof is by reduction from SAT and is inspired by [5, Pro of. of Th. 2].

Consider an instance of SAT [9], with n variables x_1,... ,x_n and m clauses C_1,... ,C_m . We can write each clause C_i as C_i = C_{i,1} or···orC_{i,n} , where C_{i,j} is either x_j , or not(x_j ), or the Boolean constan t false.

Let C = C_1 and···andC_m . For any y ∈ {true,false} and k ∈ {1,... ,n}, let M_k (y) denote the diagonal m × m Boolean matrix with diagonal entries:

(M_k (y))_{i,i} = � 1 if C_{i,k} (y) = false, 0 if C_{i,k} (y) = true.

Then, for all x ∈ {true,false}^n ,

M_1(x_1) ···M_n (x_n ) = 0 if and only if x satisfies C. (5)

Let U denote the m × m matrix whose entries are all equal to one. We now consider the nm × nm matrices A_1 = M (false), A_2 = M (true), where

M (y) =

� � � � �

UM_1(y) M_2(y) ... M_{n − 1}(y) M_n (y)U

� � � � �

(the blocks which are not shown are zero). We claim that

C is not satisfiable =⇒ ρ_{min} (A_1,A_2) = 1 , C is satisfiable =⇒ ρ_{min} (A_1,A_2) = 0 .

In order to establish our claim, note first that for all k, and for all Boolean sequences y of length kn, M (y_1) ···M (y_{kn} ) is a block diagonal matrix with diagonal blocks:

B_{1,k} = UM_1(y_1) ···M_n (y_n )UUM_1(y_{n +1} ) ···M_n (y_{kn} )U , (6a) B_{2,k} = M_2(y_1) ···UM_1(y_n )M_2(y_{n +1} ) ···UM_1(y_{kn} ) , (6b) . . B_{n,k} = M_n (y_1)U ···M_{n − 1}(y_n )M_n (y_{n +1} ) ···M_{n − 1}(y_{kn} ) . (6c)

Assume that C is not satisfiable. Using (5), we get that B_{1,k} = 1 for all possible Boolean sequences y of length kn. This implies that ρ_{min} (A_1,A_2) = 1.

Next, assume that C is satisfied by the Boolean sequence x_1 ...x_n , and consider the infinite sequence of period n + 1:

y = x_1 ...x_n ♯x_1 ...x_n ♯x_1 ...x_n ♯ ... ,

where ♯ can take an arbitrary Boolean value. For k = n + 1, each of the n products that give B_{1,k} ,... ,B_{n,k} in (6) contains a factor ofthe form M_1(x_1) ...M_n (x_n ). Since M_1(x_1) ···M_n (x_n ) = 0 we conclude that ρ_{min} (A_1,A_2) = 0.

Remark. It is not known whether the statemen t of the theorem remains valid if we require that the matrices have positive entries, or have a fixed, large enough, dimension.

3 Reduction from SET PACKING

In Discrete Event Systems applications, the quantity of interest is the logarithm of ρ_{min} , rather than ρ_{min} . In this section we show that the following problem is NP-hard.

Problem (Computing ρ_{min} ). Instanc e: Matric es A_1,... ,A_l ∈ {0,1,2}^{n × n} , a rational number q. Question: Does log_2 ρ_{min} (A_1,... ,A_l) < q?

Theorem 2. Computing ρ_{min} is NP-har d.

Proof. The proof is based on a simple geometrical argumen t that involves a Tetris-like heap of pieces.

Consider a horizontal axis with n ≥ 1 slots labelled {1,2,... ,n}. A piece is a solid, possibly disconnected, block of height one occupying some of the slots. Consider now a set of pieces A = {a_1,... ,a_l} each piece a_i being defined by the subset R(a_i) ⊆ {1,2,... ,n} of slots it occupies. To an ordered sequence of pieces w = a_{i1} ...a_{ik} we associate a heap by piling up the pieces in the given order on a horizontal ground. Pieces are only subject to vertical translations and occupy the lowest possible position that is above the ground and above the pieces previously piled up. The height of a heap w on slot i is denoted by h_i(w). The height h(w) of a heap w = a_{i1} ...a_{ik} is the largest of the heights on all slots. For instance, when n = 3, A = {a_1,a_2,a_3}, R(a_1) = {1,2},R(a_2) = {3},R(a_3) = {1,3}, and w = a_1a_3a_2a_1a_3, we obtain the heap with height h(w) = 4 depicted at the right of Fig. 1.

Figure 1: A sequence of pieces and its associated heap.

To k ≥ 1, we associate the lowest possible height of a heap of k pieces taken from A

λ_k = min{h(a_{i1} ...a_{ik} ) | a_{i1} ,... ,a_{ik} ∈ A} .

We claim that the limit λ = lim_{k→ + ∞} λ_k k is equal to 1/M, where M is equal to the maximal number of pieces in a heap of height one. Indeed, a heap w with k pieces has at most M pieces per height level, and thus k ≤ h(w)× M. This implies that λ_k /k ≥ 1/M. Moreover, if z is a heap of height one with M pieces, the heap w obtained by repeating k-times z satisfies h(w) = k and contains kM pieces. Thus, λ_{kM} /kM ≤ 1/M, and the claim is established.

For instance, for the pieces a_1,a_2, and a_3 depicted in Fig. 1, the set of heaps of height one is {a_1,a_2,a_3,a_1a_2}, and λ = 1/2.

Consider now the following NP-hard problem (see [9]):

Problem (Set Packing) . Instanc e: a collection C of finite sets, a positive integer K ≤ |C|. Question: does C contain at least K mutual ly disjoint sets?

Modulo some changes of notation, this result can be rephrased in our framework by saying that, for a given set of pieces A = {a_1,... ,a_l} and a positive integer K ≤ |A| = l, the problem of determining if K is larger than the maximal number of pieces in a heap of height one, is NP-hard. Since λ = 1/M an analogous statemen t is possible for λ.

To conclude, we describ e a connection between heights of heaps of pieces and norms of products of matrices in the semiring R_∞ . To a piece a_k ∈ A occupying the slots R(a_k ) ⊆ {1,2,... ,n} we associate the matrix A_k ∈ {0,1,2}^{n × n} whose entries are identical to the entries of the identity matrix, with the exception of the elements (A_k )_{ij} which are set to 2 whenever i, j ∈ R(a_k ). It is shown in [12] that the height h(w) of the heap w = a_{i1} ...a_{ik} is given by

h(w) = log_2 ‖A_{i1} ···A_{ik} ‖.

From this it follows that

λ = lim_{k→∞} min

i_1 ,... ,i_k ∈{ 1,... ,l}

log_2 ‖A_{i1} ···A_{ik} ‖ = log_2 ρ_{min} (A_1,... ,A_l).

Since the instance of Computing ρ_{min} is constructed from the instance of Set Packing in polynomial time, it follows that Computing ρ_{min} is NP-hard.

References

[1] F. Baccelli, G. Cohen, G.J. Olsder, and J.P. Quadrat. Synchronization and Linearity . Wiley, 1992.

[2] F. Baccelli and D. Hong. Analytic expansions of (max,+) Lyapunov exponents. Research Report 3427, INRIA, 1998.

[3] A. Berman and R.J. Plemmons. Nonnegative matric es in the mathematic al sciences. Academic Press, 1979.

[4] V.D. Blondel and J.N. Tsitsiklis. The Lyapunov exponent and joint spectral radius of pairs of matrices are hard – when not impossible – to compute and to approximate. Mathematics of Contr ol, Signals, and Systems, 10:31–40, 1997.

[5] V.D. Blondel and J.N. Tsitsiklis. When is a pair of matrices mortal? Information Processing Letters , 63:283–286, 1997.

[6] M. Brilman and J.M. Vincent. Dynamics of synchronized parallel systems.

Comm. Statist. Stochastic Models, 13(3):605–617, 1997.

[7] J.E. Cohen. Subadditivit y, generalized products of random matrices and Operations Research. SIAM Review, 30:69–86, 1988.

[8] I. Daub echies and J. C. Lagarias. Sets of matrices all infinite products of which converge. Linear Algebra Appl., 220:151–159, 1992.

[9] M.R. Garey and D.S. Johnson. Computers and Intr actability: A Guide to the Theory of NP-Completeness . Freeman and Co., New York, 1979.

[10] S. Gaub ert. Performance evaluation of (max,+) automata. IEEE Trans.

on Automatic Contr ol, 40(12), Dec. 1995.

[11] S. Gaub ert and J. Mairesse. Task resource systems and (max,+) automata.

Appears in [16], Aug. 1995.

[12] S. Gaub ert and J. Mairesse. Modeling and analysis of timed Petri nets using heaps of pieces. IEEE Trans. on Automatic Contr ol, 44(4), April 1999.

[13] S. Gaub ert and M. Plus. Metho ds and applications of (max,+) linear algebra. In R. Reischuk and M. Morvan, editors, STACS’97, number 1200 in LNCS, Lübeck, March 1997. Springer.

[14] B. Gaujal and A. Jean-Marie. Computational issues in recursive stochastic systems. Appears in [16], Aug. 1995.

[15] G. Grip enberg. Computing the joint spectral radius. Linear Algebra Appl., 234:43–60, 1996.

[16] J. Guna wardena, editor. Idempotency. Publications of the Newton Institute. Cambridge University Press, 1998.

[17] V. Kolokoltsov and V Maslov. Idempotent analysis and applications .

Kluwer Acad. Publisher, 1997.

[18] V. Maslov and S. Samborskiĭ, editors. Idempotent analysis , volume 13 of Adv. in Sov. Math. AMS, RI, 1992.

[19] E. Pap. Null-additive set functions . Kluwer Academic Publishers, 1995.