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are within 0.4% and 0.03% of their exact values. The best previously known bounds were
within 11% and 3%, respectively. We then prove that the value of u,, actually has the same
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Joint spectral radius rate of growth for “almost all” natural numbers n. This average growth is distinct from the
Joint spectral subradius maximal and minimal rates and can also be expressed in terms of a spectral quantity (the
Lyapunov exponent Lyapunov exponent). We use this expression to estimate it. In order to obtain our estimates,

we introduce new algorithms to compute the spectral characteristics of sets of matrices.
These algorithms can be used in other contexts and are of independent interest.
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1. Introduction

Binary overlap-free words have been studied for more than a century. These are words over the binary alphabet A = {a, b}
that do not contain factors of the form xvxvx, where x € Aand v € A*. For instance, the word baabaa is overlap free, but the
word baabaab is not, since it can be written xuxux with x = b and u = aa. See [2] for a recent survey. Thue [27,28] proved
in 1906 that there are infinitely many overlap-free words. Indeed, the well-known Thue-Morse sequence' is overlap free,
and so the set of its factors provides an infinite number of different overlap-free words. The asymptotics of the number u,
of such words of a given length n was analyzed in a number of subsequent contributions.? The number of factors of length
n in the Thue-Morse sequence is proved in [8] to be larger than 3n — 3, thus providing a linear lower bound on u,,:

u, >3n-—3.
The next improvement was obtained by Restivo and Salemi [25]. By using a certain decomposition result, they showed that
the number of overlap-free words grows at most polynomially:

u, <Cn’,

where r = log(15) ~ 3.906. This bound has been sharpened successively by Kfoury [16], Kobayashi [17], and finally by
Lepist6 [18] to the value r = 1.37. One could then suspect that the sequence u, grows linearly. However, Kobayashi [17]
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1 The Thue-Morse sequence is the infinite word obtained as the limit of " (a) as n — oo with 6(a) = ab, 6(b) = ba; see [10].

2 The number of overlap-free words of length n is referenced in the On-Line Encyclopedia of Integer Sequences under the code A007777; see [26]. The
sequence starts 1, 2, 4, 6, 10, 14, 20, 24, 30, 36, 44, 48, 60, 60, 62,72, ....
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Fig. 1. The values of u, for 1 < n < 200 (a) and logu, /logn for 1 < n < 10000 (b).

proved that this is not the case. By enumerating the subset of overlap-free words of length n that can be infinitely extended
to the right he showed that u, > C n'!>> and so we have

C] nlAlSS <u, < C2 nlA37'

In Fig. 1(a) we show the values of the sequence u, for 1 < n < 200 and in Fig. 1(b) we show the behavior of log u,/ logn
for larger values of n. One can see that the sequence u, is not monotonic, but is globally increasing with n. Moreover, the
sequence does not appear to have a polynomial growth since the value log 1,/ log n does not seem to converge. In view of
this, a natural question arises: is the sequence u, asymptotically equivalent to n" for some r? Cassaigne proved in [10] that
the answer is negative. He introduced the lower and the upper exponents of growth:

sup{r |3C > 0,u, > Cn"}, (m
B = inf{r |3C > 0,u, < Cn"},

o

and showed that ¢ < f. Cassaigne made a real breakthrough in the study of overlap-free words by characterizing in a
constructive way the whole set of overlap-free words. By improving the decomposition theorem of Restivo and Salemi he
showed that the numbers u, can be computed as sums of variables that are obtained by certain linear recurrence relations.
These relations are explicitly given in the next section and all numerical values can be found in Appendix A. As a result of
this description, the number of overlap-free words of length n can be computed in logarithmic time. For the exponents of
growth Cassaigne has also obtained the following bounds: o < 1.276 and 8 > 1.332. Thus, combining this with the earlier
results described above, one has the following inequalities:

1.155 <o < 1.276 and 1332 < B < 1.37. (2)

Let us add that Carpi had already shown that the sequence u,, is 2-regular [9]. In this paper we develop a linear algebraic
approach to study the asymptotic behavior of the number of overlap-free words of length n. Using the results of Cassaigne
we show in Theorem 2 that u, is asymptotically equivalent to the norm of a long product of two particular matrices Ag
and A; of dimension 20 x 20. This product corresponds to the binary expansion of the number n — 1. Using this result we
express the values of « and B8 by means of joint spectral characteristics of these matrices. We prove that o = log, p(Aq, A1)
and B = log, p(Ag, A1), where p and p denote, respectively, the joint spectral subradius and the joint spectral radius of
the matrices Ag, A1. (We define these notions in the next section.) In Section 3, we estimate these values and we obtain the
following improved bounds for « and S:

1.2690 < @ < 1.2736 and 1.3322 < 8 < 1.3326. (3)

Our estimates are, respectively, within 0.4% and 0.03% of the exact values. In addition, we show in Theorem 3 that the
smallest and the largest rates of growth of u, are effectively attained, and there exist positive constants C;, C; such that
Cin* <u, <Gnfforalln e N.

Although the sequence u, does not exhibit an asymptotic polynomial growth, we then show in Theorem 5 that for
“almost all” values of n the rate of growth is actually the same and equal to o = log, p(Ag, A1), where p is the Lyapunov
exponent of the matrices. For almost all values of n the number of overlap-free words grows neither as n®, nor as n?, but

log up

in an intermediary way, as n°. This means, in particular, that the value Togn Convergesto o asn — o0 along a subset of

density 1. We obtain the following bounds for the limit o, which provides an estimate within 0.8% of the exact value:
1.3005 < o < 1.3098.

These bounds clearly show thato < o < B.

To compute the exponents @ and o we introduce new efficient algorithms for estimating the joint spectral subradius
0 and the Lyapunov exponent p of matrices. These algorithms are both of independent interest as they can be applied to
arbitrary matrices.
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Our linear algebraic approach not only allows us to improve the estimates of the asymptotics of the number of overlap-
free words, but also clarifies some aspects of the nature of these words. For instance, we show that the “non purely overlap-
free words” used in [10] to compute u, are asymptotically negligible when considering the total number of overlap-free
words.

The paper is organized as follows. In the next section we formulate and prove the main theorems (except for Theorem 2,
whose proof is quite technical and is given in Appendix B). Then in Section 3 we present algorithms for estimating the joint
spectral radius, the joint spectral subradius, and the Lyapunov exponent of linear operators. Applying them to those special
matrices we obtain the estimates for &, 8 and o. In the appendices we write explicit forms of the matrices and initial vectors
used to compute u,, we give a proof of Theorem 2 and present the results of our numerical algorithms.

2. The asymptotics of the overlap-free words

In what follows we use the following notation: R is the d-dimensional space, inequalities x > 0 and A > 0 mean that
all the entries of the vector x (respectively, of the matrix A) are nonnegative. We write Ri = {x € RY x > 0}, by |x| we

denote a norm of the vector x € R%, and by | - || any matrix norm. In particular, [x|; = Z?:l X[, [IAllx = supy,=1 1Ax[1 =

maxj—1,. 4 Zle |A;j]. We write 1 for the vector (1, ..., DT e RY and p(A) for the spectral radius of the matrix A, that is, the
largest magnitude of its eigenvalues. If A > 0, then there is a vector v > 0 such that Av = p(A)v (the so-called Perron-
Frobenius eigenvector). For two functions f1, f, from a set Y to R, the relation f;(y) < f>(y) means that there are positive
constants Cy, G, such that Cf;(y) < £L(y) < Gfi(y) forally € Y.

To compute the number u, of overlap-free words of length n we use several results from [10] that we summarize in the
following theorem:

Theorem 1. Let Fy, F; € R33, and let w, ys, ..., y15 € R3° be as given in Appendix A. For n > 16, let y, be the solution of
the following recurrence equations:
Yan = Foyn
4
Yony1 = Fiyn. (4)

Then, for any n > 9, the number of overlap-free words of length n is equal to wTy,_;.

It follows from this result that the number u, of overlap-free words of length n > 16 can be obtained by first computing the
binary expansiondy - --d; ofn — 1,ie,n— 1= Z]’:O] di+12, and then defining

Up = wTFd1 c 'de_4}’m, (5)

where m = dy_3 + dy_32 + dx_12% + d,23 (and d; = 1). To arrive at the results summarized in Theorem 1, Cassaigne builds
a system of recurrence equations allowing the computation of a vector U, whose entries are the number of overlap-free
words of certain types. (There are 16 different types.) These recurrence equations also involve the recursive computation
of a vector V), that counts other words of length n, the so-called “single overlaps”. The single overlap words are not overlap
free, but have to be computed, as they generate overlap-free words of larger lengths. We now present the main result of
this section, which improves the above theorem in two directions. First we reduce the dimension of the matrices from 30
to 20, and second we prove that u, is asymptotically given by the norm of a matrix product. The reduction of the dimension
to 20 has a straightforward interpretation: when computing the asymptotic growth of the number of overlap-free words,
one can neglect the number of “single overlaps” V,, defined by Cassaigne. We call the remaining words purely overlap-free
words, as they can be entirely decomposed in a sequence of overlap-free words via Cassaigne’s decomposition (see [10] for
more details).

Theorem 2. Let Ay, A; € R2"*?° be the matrices defined in Appendix A (Eq. (A.3)), let || - || be a matrix norm, and let
A(n) : N — R3?° be defined as A(n) = Aq, - - - A, With d . . . dy the binary expansion of n — 1. Then,
up < [|A(n)]|. (6)

Observe that the matrices Fy, F; in Theorem 1 are both nonnegative and hence possess a common invariant cone K = Ri‘).
We say that a cone K is invariant for a linear operator B if BK C K. All cones are assumed to be solid, convex, closed, and
pointed. We start with the following simple result proved in [23].

Lemma 1. For any cone K C R, for any norm | - | in RY and any matrix norm || - || there is a homogeneous continuous function
y : K — R, positive on int K such that for any x € int K and for any matrix B that leaves K invariant one has
1
Yy IBIl - %] < [Bx| < ——IBI| - Ix].
Y (%)

Corollary 1. Let two matrices Ag, Ay possess an invariant cone K C R% Then for any x € intK we have |Ag, - - - Ag X =<
lAg, - - - Ag, |l for all k and for all indices d1, . .., di € {0, 1}.
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In view of Corollary 1 and of Eq. (5), Theorem 2 may seem obvious, at least if we consider the matrices F; instead of A;. One
cannot however directly apply Lemma 1 and Corollary 1 to the matrices Ag, A; or to the matrices Fy, F; because the vector
corresponding to x is not in the interior of the positive orthant, which is an invariant cone of these matrices.

To prove Theorem 2 we need to construct a wider invariant cone of Ag and A; by using special properties of these matrices.
That construction is nontrivial, and we detail it in the proof given in Appendix B. Theorem 2 allows us to express the rates of
growth of the sequence u, in terms of norms of products of the matrices Ay, A1 and then to use joint spectral characteristics
of these matrices to estimate the rates of growth. More explicitly, Theorem 2 yields the following corollary:

Corollary 2. Let Ag, A, € Riouo be the matrices defined in Appendix A and let A(n) : N — Riouo be defined as A(n) =
Ag, - - - Ag, with dy . . . d; the binary expansion of n — 1. Then

log, u
828 og, IAMIYE > 0 asn — oo. 7)

log, n
Proof. Observe first that (10 g"zn — 1) l°g+”” — 0asn — oo.Indeed, the first factor tends to zero, and the second one is

uniformly bounded, because, as we have seen, u,, < Cn". Hence

lim (1082Un _ 108, 1A, - -Ag ll\ _ . (108, Uun — 108, | Ad, - - Ag,l n k1) logtn
n—oco \ log, n k n—>00 k log, n k
i (lng un — 10g; [|Ag; - - - Ag II)
= lim
n—o0o k
— lim log, (un - l|Ad, "'Adk||71)’
n—o00 k

and by Theorem 2 the value log, (un - ||Ag, - - - Ag, ||“) is bounded uniformly overn € N. O

We first analyze the smallest and the largest exponents of growth « and § defined in Eq. (1). For a given set of matrices
X ={Aq, ..., An} we denote by p and p its joint spectral subradius and its joint spectral radius:

5(X) = lim min Ag, - - - Ag, 1'%, (8)

k—o0  dq,....dge{1,....m}

p(X) = lim max Ad, - - - Ag I V¥.

k—oo  dq,...,dge{1,...,m}

Both limits are well defined and do not depend on the chosen norm. Moreover, for any product Aq, - - - A, we have

b < pAdg---Ag)"* <P 9)

(see [7,12,21] for surveys on these notions).

Theorem 3. For k > 1, let oy = miny-1_, 5 ';’fg”r]; and B = MaXy-1_, <k lffg”;. Then
a = lim o, = log, p(Ap,A;) and B = lim B = log, p(Ao, A1), (10)
k— o0 k— o0

where the matrices Ao, A are defined in Appendix A. Moreover, there are positive constants Cy, C, such that

C;< min umn® and G < max umn? <G (11)
2k=1<n<2k 2k=T<n<2k

forallk € N.

The proof of this theorem is based on the following auxiliary result taken from [23]. For a given set of indices {iy, ..., i}

Proposition 1 ([23]). Let Ay, A1 be matrices with a common invariant cone. Then there is a positive constant c; such that

max [[Ag, - Agll = cip* and - min [|Ag, A |l = c1pf, kEN.

seenydi Toeens

If, moreover, these matrices have no common invariant subspace among the coordinate planes, then there is a positive constant
¢, such that

max A - Aqll < P, keN.
k



3674 R.M. Jungers et al. / Theoretical Computer Science 410 (2009) 3670-3684

Proof of Theorem 3. The equalities (10) follow immediately from Corollary 2 and the definitions (8). To prove the
inequalities (11) we apply Proposition 1 to our matrices Ag, A1, which leave Rff invariant. Theorem 2 yields

uan~* < [|Ag, - - Ag 127% = ||Ag, - - Ag 157
Taking the minimum over n = 2~ + 1, ..., 2¥ and invoking Proposition 1, we conclude that

min  u,n~* > C;.
2k=1<n<2k

The same holds with the inequality

max unn’ﬂ > (.
2k=1<n<2k
To prove the upper bound in Eq. (11) we note that the matrices Ay, A; have no common invariant subspaces among the
coordinate planes (to see this observe, for instance, that (Ay + A7) has no zero entry). O

Corollary 3. There are positive constants Cy, C, such that
Cin® <u, <Gnf, neN.

In the next section we will see that @ < B. In particular, the sequence u,, does not have a constant rate of growth, and

the value lffg”,f does not converge as n — oo. This was already noted by Cassaigne in [10]. Nevertheless, it appears that the
logu

value 1og; actually has a limit as n — o0, not along all the natural numbers n € N, but along a subsequence of N of density
1. In other terms, the sequence converges with probability 1. The limit, which differs from both « and S, can be expressed by
the so-called Lyapunov exponent p of the matrices Ag, A1. To show this we apply the following result proved by Oseledets
in 1968. For the sake of simplicity we formulate it for two matrices, although it can be easily generalized to any finite set of
matrices.

Theorem 4 ([19]). Let Ag, A1 be arbitrary matrices and d,, ds, ... be a sequence of independent random variables that take
values 0 and 1 with equal probabilities 1/2. Then the value ||Aq, - - - Ag, || 1/ converges to some number p with probability 1. This
means that for any ¢ > 0 we have

P(|IlAg, - Ag I* — B| > ¢) > 0 ask — oo.

The limit p in Theorem 4 is called the Lyapunov exponent of the set {Ag, A1}. This value is given by the following formula:

1/2k
p(ho, Ar) = lim ( [T 1A, ---Ad,(n”k) (12)
d

(for the proof see, for instance, [24]). To understand what this gives for the asymptotics of our sequence u, we introduce
some further notation. Let &> be some property of natural numbers. For a given k € N we denote

P(P) = 2=k Card[n e {21 +1,..., 2%, nsatisfies J’}

Thus, Py is the probability that the integer n uniformly distributed on the set {2¥~' + 1, ..., 2¥} satisfies . Combining
Corollary 2 and Theorem 4 we obtain

Theorem 5. There is a number o such that for any € > 0 we have

Pk<

Moreover, o = log, p, where p is the Lyapunov exponent of the matrices {Ao, A1} defined in Appendix A.

log u,

— 0

>g> — 0 ask — oo.
logn

Thus, for almost all numbers n € N the number of overlap-free words u, has the same exponent of growth o = log, p. For

an arbitrary q > 1, ifa € Nis large enough, then for a number n taken randomly from the segment [a, qa] the value lfogg”; is

close to o with high probability. Let us recall that a subset 4 C N is said to have density 1 if %Card{r <n,re A} — las
n — oco. We say that a sequence f, converges to a number f along a set of density 1 if there is a set A C N of density 1 such
that limy_, oo nes fn = f. Theorem 5 yields

log up

Corollary 4. The value Togn

converges to o along a set of density 1.
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Proof. Let us define a sequence {k;} inductively: k; = 1, and for each j > 2 let k; be the smallest integer such that k; > k;_;

and
logu 1 1
Pk< g”—a‘>,>§, forall k> k;.
logn J J

By Theorem 5 the values k; are well defined for all j. Let a set + consist of numbers n, for which

the largest integer such that n > 251, Clearly, llooggunn — o asn — oo along . If, as usual, 21 < n < 2 then the total

number of integers r < n that do not belong to 4 is less than
i J s
=2y "2

28 k
Observe that Y _, < 3}—21 hence the number of integers r < n that do not belong to +4 is less than % < 6}—" which tends

to zero being divided by n as n — oo. Thus, 4 has density 1. O

log Up

—a’ < }.,wherejis

zk 2kj 2](2 2k—]+$
-+ ot — <
joi- 1 —

3. Computation of the exponents

Theorems 3 and 5 reduce the problem of estimating the exponents of growth of u, to computing joint spectral
characteristics of the matrices Ag and A;. In order to estimate the joint spectral radius we use a modified version of the
“ellipsoidal norm algorithm” [5]. For the joint spectral subradius and for the Lyapunov exponent we present new algorithms,
which seem to be relatively efficient for nonnegative matrices. The results we obtain can be summarized in the following
theorem:

Theorem 6.
1.2690 < «a < 1.2736,
1.3322 < B8 < 1.3326, (13)
1.3005 < o < 1.3098.

In this section we also make (and give arguments for) the following conjecture:

Conjecture 1.

B = log, /p(AAr) = 1.3322....

3.1. Computation of B and the joint spectral radius

By Theorem 3, in order to estimate the exponent 8 one needs to estimate the joint spectral radius of the set {Ag, A1}.
A lower bound for p can be obtained by applying inequality (9). Taking k = 2 and d; = 0, d; = 1 we get

p = [pAAn]”? =25179..., (14)
and so 8 > log, 2.5179 > 1.3322 (this lower bound was already found in [10]).
Upper bounds for the joint spectral radius of sets of matrices X = {Aq, ..., Ay} are usually derived from the following
simple inequality:
- A A, |1 15
;O_d] .... 2{13(? """ m)|| 4 a ™, (15)

which holds for every k > 1 and converges to p as k — oc. This, at least theoretically, gives arbitrarily sharp estimates for p.
However, in our case, due to the size of the matrices Ag, A1, this method leads to computations that are too expensive even
for relatively small values of k. Faster convergence can be achieved by finding an appropriate norm. To do this we use the

so-called ellipsoidal norm: ||A||p = Max,.o \/ *4- .

, Where P is a positive definite matrix. This is the matrix norm induced

by the vector norm |x|p = (x"Px)'/2. The cruc1al 1dea is that the optimal P, for which the right-hand side in (15) for k = 1
is minimal, can be found by solving a simple semidefinite programming problem. This algorithm can be iterated using the
relation p(Z*) = p(X)*. In what follows we denote X% = {Aq, --+Ag,, 1 < d; <m,i=1,...,k}. Thus one can consider

the set X* as a new set of matrices, and approximate its joint spectral radius with the best possible ellipsoidal norm. In
Appendix C we give an ellipsoidal norm such that each matrix in X' has a norm smaller than 2.5186'. This implies that
p < 2.5186, which gives 8 < 1.3326. Combining this with the inequality 8 > 1.3322 we complete the proof of the bounds
for 8 in Theorem 6.

We have not been able to improve the lower bound of Eq. (14). However, the upper bound we obtain is very close to
this lower bound, and the upper bounds obtained with an ellipsoidal norm for X* get closer and closer to this value when
k increases. Moreover, it has already been observed that for many sets of matrices, for which the joint spectral radius is
known exactly, and, in particular, of matrices with nonnegative integer entries, there always is a product that achieves the
joint spectral radius, i.e., a product A € X! such that p = p(A)(/D [3,13,14]. For these reasons, we conjecture that the
exponent f is actually equal to the lower bound.
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3.2. Computation of o and the joint spectral subradius

An upper bound for p(Ag, A1) can be obtained using inequalities (9) for k = 1 and d; = 0. We have
a =log,(p) < log, (p(Ag)) = 1.275.... (16)

This bound for & was first derived in [10]. It is, however, not optimal. Taking the productA}OAo (i.e., k = 11inInequality (9)),
we get a better estimate:

a <log, [p(A°A))""] = 1.2735.. .. (17)

One can verify numerically that this product gives the best possible upper bound among all the matrix products of length
k < 14.

We now estimate o from below. The problem of approximating the joint spectral subradius is NP-hard even for
nonnegative matrices [6]. Moreover, the undecidability result for the so-called “morality problem” [7] shows that there
are no algorithms that would approximate the joint spectral subradius equally well for all matrices. This, however, does
not mean that such algorithms cannot be constructed for special matrices, or for some classes of matrices. To the best of
our knowledge, no algorithm has ever been proposed to compute p, even in particular cases. Here we propose two new
algorithms that appear to work well with our matrices Ag, A;. We first consider the particular case of nonnegative matrices.
As we observed above, for any k we have p(X*) = p(X)¥. Without loss of generality it can be assumed that the matrices of
the set X do not have a common zero column. Otherwise, by suppressing this column and the corresponding row we obtain
a set of matrices of smaller dimension with the same joint spectral subradius.

Theorem 7. Let X be a set of nonnegative matrices that do not have any common zero column. If, for somer € R,,s <t € N,
there exists x € R satisfying the following system of linear inequalities:

B(Ax —1x) >0, VYBe X% VAe Xt (18)
x>0, (x,1=1,

then p(X) > r/t.

Proof. Let x be a solution of (18). Let us consider a product of matrices Ay . ..A; € Z* : A; € X*. We show by induction on
kthat Ag...Ax > rk= 1A

For k = 2 we have Ay(A1x — rx) = CB(A1x — rx) > 0, withB € X%,C € X5,

Let k > 2. By the inductive assumption, Ax_; ...A1x > rk=2A,_;x; then, multiplying by Ay, we obtain Ay ...A;x >
rk=2AAi_1x. Now, as we have just seen, AyAx_1X > rAgx. Thus,

NAk. .. A1l = 17Ae. .. A11 > " 117Ax > r*C,

where C = (miny 1"A¢x) /r > 0. The last inequality holds because A;x = 0, together with the first inequality in (18), imply
that —rBx = 0 for all B € X*, which means that all B € X have a common zero column. This is in contradiction with our
assumption because the matrices in X* share a common zero column if and only if the matrices in X do. O

The linear programming problem (18) can be solved with optimization techniques for s, t not too large. We found a
solution with the following values for the parameters: r = 2.41'% t = 16, s = 6. As a result, we get the following lower
bound: « > % log, r > 1.2690. The corresponding vector x is given in Appendix D. This completes the proof of Theorem 6.

Theorem 7 deals with nonnegative matrices, which suffices for our problem, because our matrices Ag, A; have their
entries in {0, 1, 2}. However, we would like to extend our techniques to arbitrary matrices. This is possible, and the idea
is to lift the matrices to a larger vector space, so that all the matrices share an invariant cone. This kind of lifting is rather
classical and is known under several names in the literature as for instance semidefinite lifting or symmetric algebras [4,
20,22]. The idea is to consider the matrices A; € X as linear operators acting on the cone of positive semidefinite matrices
SasS — A,-TSAi. For more on the semidefinite lifting and its application to joint spectral quantities computation, see [12].
It is not difficult to prove that the joint spectral subradius of this new set of linear operators is equal to p(X)?. We use the

notation A > B to denote that the matrix A — B is positive semidefinite. Recall that A = 0 < Vy, yTAy > 0.

Theorem 8. Let X be a set of matrices in R?*? and s < t € N. Suppose that there are r > 0 and a symmetric matrix S > 0 such
that

BT(ATSA—rS)B>0 VAe X', Be x°

S>0 (19)

then p(X) > r'/2,
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Proof. The proof is formally similar to the previous one. Let S be a solution of (19). We denote by M, the product
Ap...Ar A € X' 1tis easy to show by induction that M{SM; > r*~1(ATSA). This is obvious for k = 2 for similar reasons as
in the previous theorem, and for k > 2, if, by induction,

vy, Y'M SMiay = T PYTAL (SAay,
then, with y = Ax, for all x,

XMISMix > r*2xTATAT  SA_1Ax > r*IxTATSAx.

Thus,

X"MJSMx 1 XTATSAkx
——— (=T supy———¢-
XTSx xTSx

Finally, [|[M||s > r*/2C, where C is a constant. O

For a given r > 0 the existence of a solution S can be established by solving the semidefinite programming problem (19),
and the optimal r can be found by bisection in logarithmic time.

3.3. Computation of o and the Lyapunov exponent

The exponent of the average growth o is obviously between « and g, so 1.2690 < o < 1.3326. To get better bounds
we need to estimate the Lyapunov exponent p of the matrices Ag, A1. The first upper bound can be given by the so-called
1-radius pq:

1/k
pr = lim (2—k > ||AdI-~-Adk||) :

For matrices with a common invariant cone we have p; = %p(Ao + A1) [23]. Therefore, in our case p; = %p(Ag + Ay =

2.479....This exponent was first computed in [ 10], where it was shown that the value 2'7;01 u;j is asymptotically equivalent
to n”, where n = 1+ log, p; = 2.310.. .. It follows immediately from the inequality between the arithmetic mean and
the geometric mean that p < p;. Thus, 0 < n. In fact, as we show below, o is strictly smaller than 7. Although the
Lyapunov exponent has proved useful in many situations, very few algorithms exist to approximate it, to the best of our
knowledge, except by application of Definition (12). See however [11] for an upper bound based on information theoretic
techniques. We propose here an alternative way based on convex programming. It is easily seen that for any k the value

1
e = (]_[dl ,,,, d lAg, - 'Adk”) ik gives an upper bound for p, thatis p < r, forany k € N.Sincer, — p ask — oo,

we see that this estimate can be arbitrarily sharp for large k. But for the dimension 20 this leads to extensive numerical
computations. For example, for the norm || - ||; we have g = 2.4865, which is even larger than p;. In order to obtain a
1

My = SUPy>q, xj=1 Pk (X)-

Proposition 2. Let Ay, A; be nonnegative matrices in R%. Then for any norm | - | and for any k > 1 we have p < (m;)"/*.

]mk — past — oo.0n the other

17k, n ~ [pn(x)]]/n- U

Proof. By Corollary 1 forx > 0we have r, < [p,(x)]'/", and consequently lim;_, [ptk x)
hand, py,n(x) < mgp,(x) forany x > 0 and for any n, k € N; therefore py(x) < (my)".Thus, p < (my)

Proposition 3. Let Ay, A be nonnegative matrices in R? that do not have common invariant subspaces among the coordinate
planes. If p < p, then p < py.

Proof. Let v, be the eigenvector of the matrix % (Ag —l—A{) corresponding to its largest eigenvalue p;. Since the matrices have
no common invariant coordinate planes, it follows that v, > 0. Consider the norm |x| = (x, v,) on R‘i. Take some k > 1
andy € R, |y| = (v, vi) = 1, such that py(y) = my. We have

me =pe) <275 D g Agyl =275 Y (Ag Ay, va)
dq,....dg dq,....dg

= (n2H @A) ) = A = ok

Thus, m;, < p%‘, and the equality is possible only if all 2% values |Ag, - - - Aqy| are equal. Since p < p, there must be k such
that the inequality is strict. Hence, m; < ,04‘ for some k, and by Proposition 2 we have p < (mp)V/* < p;. O
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We are now able to estimate p for the matrices Ag, A;. For the norm |x| = (x, v,) used in the proof of Proposition 3 the
value —% log, my can be found as the solution of the following convex minimization problem with linear constraints:

; 1 T T
min EIane E In (x, Ag, Adkv*)

dy,.dgef0,1) (20)
s.t. x>0, (x,v,) =1.
The optimal value of this optimization problem is equal to —% log, my, which gives an upper bound for o = log, p

(Proposition 2). Solving this problem for k = 12 we obtain o < 1.3098.

To our knowledge, no nontrivial algorithm has been proposed to derive a nontrivial lower bound on p. We now provide
a theorem that allows us to derive such a lower bound. The idea is identical to the one used in Theorem 7, but transposed
to the Lyapunov exponent.

Theorem 9. Let X' be a set of nonnegative matrices that do not have any common zero column, s < t,s,t € N. If for some
numbersr; € Ry, 0 < i < 2' there exists x € Ri satisfying the following system of linear inequalities:

B(Aix —rix) >0, VBe X5 A € X,

P >0, (x,1 =1, (21)

then p(X) > [T,/ .

The proof is similar to the proof of Theorem 7 and is left to the reader. Also, a similar theorem can be stated for general
matrices (not necessarily nonnegative), but involving linear matrix inequalities. Due to the number of different variables r;,
one cannot hope to find the optimal x with SDP and bisection techniques. However, by using the vector x computed for
approximating the joint spectral subradius (given in Appendix D), with the values s = 8,t = 16 for the parameters, one
gets a good lower bound for o: ¢ > 1.3005.

4. Conclusions

The goal of this paper is to precisely characterize the asymptotic rate of growth of the number of overlap-free words.
Based on Cassaigne’s description of these words with products of matrices, we first prove that these matrices can be
simplified, by decreasing the state space dimension from 30 to 20. This improvement is not only useful for numerical
computations, but allows us to characterize the overlap-free words that “count” for the asymptotics: we call these words
purely overlap free, as they can be expressed iteratively as the image of shorter purely overlap-free words.

We have then proved that the lower and upper exponents « and 8 defined by Cassaigne are effectively reached for an
infinite number of lengths, and we have characterized them respectively as the logarithms of the joint spectral subradius and
the joint spectral radius of the simplified matrices that we constructed. This characterization, combined with new algorithms
that we propose to approximate the joint spectral subradius, allow us to compute them within 0.4%. The algorithms we
propose can of course be used to reach any degree of accuracy for g (this seems also to be the case for « and o, but no
theoretical result is known for the approximation of the joint spectral subradius). The computational results we report in
this paper have all been obtained in a few minutes of computation time on a standard PC desktop and can therefore easily
be improved.

Finally we have shown that for almost all values of n, the number of overlap-free words of length n does not grow as n%,
nor as n, but in an intermediary way as n°, and we have provided sharp bounds for this value of o

This work opens obvious questions: can joint spectral characteristics be used to describe the rate of growth of other
languages, such as for instance the more general repetition-free languages? The generalization does not seem to be
straightforward for several reasons: first, the somewhat technical proofs of the links between u, and the norm of a
corresponding matrix product take into account the very structure of these particular matrices, and second, it is known
that a bifurcation occurs for the growth of repetition-free words: for some members of this class of languages the growth is
polynomial, as for overlap-free words, but for some others the growth is exponential [15], and one could wonder how the
joint spectral characteristics developed in this paper could represent both kinds of growth.
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Appendix A. Numerical values

We introduce the following auxiliary matrices. For the sake of simplicity our notations do not follow exactly those of
[10].

0 0 0 O OO O 1 2 1 0 0 0 0O OOO 1 2 1
o o011 01 1 0 O0O0 0 0 0 OO0 OO O0OUDO
0O 0 0 0O0O0OO0O 1T 1T O 0O 0 0 0O0O1T 1 0 00O
0O 0 0 0O 0O0OOO OO 0 01 1 0 0 0 0 0O O
D — 1 2 0 01 0 0 0 0 OO0 B, — 0 0 0 OO0 00 O0OTDO
™10 01001000 0}’ 710 o0 o 000 O0O0UO O]
0O 0 0 0 0O0O OO OO 0 0 0 OO0 00O O0OTDO
0O 0 0 0O0OOO 1T OO 0O 0 0 0O1 00 0 OO
0 0 0 0O0OO OO OO 01 0 0 0O OO 0 OO
0O 0 0 0 0000 0 O 1 0 0 0OOO 0 0 0@oO0
0 0 0 0OOO 0 2 4 2
0o 011 01 1 0 O0O0
0O 0 o0 0 01T 11 1 O0
0 01 1.0 0 0 0 00O
C = 0O 0 0 0O 0OO OO O0OUDO
10 100 10000 0}
1 1. 0 0 0 00O O 0O
0O 0 0 0020 0 00O
0 01 0 0O 0O0O 0O OO
0O 0 0 0 OO0 OO0 O
0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O
0 0 0 1 1 0O 0 0 0 O
01 1 0 O 0 0 0 0 O g (l) (1) } }
s |0 0000 e _|o 0000 o—lo 11 00
2=]lo o 0 0 Of" 2=]lo o 0o 0 0o} 4—10000
0 0 0 0 O 0 0 0 0 O 1000 0
0 0 0 0 O 0O 0 0 2 O
1 0 0 0 O 0 1 0 0 O
0 0 0 0 O 0O 0 0 0 O
Now, defining
Ci Opox10 OCZ O10x5 OD] (Bij ‘810><5 gz
Dy B, 10x5 B2 10x10 1 10%5 2
Fo= 05510 Osx10 Cy Osxs )’ Fr= 0510 Osx10 ‘ Osx5  Osxs |’ (A1)
Osx10  Osx1o Osx5  Osys Osx10  Osx1o 055 G4

w=(1,2,2,2,1,2,2,1,2,1,0120)",

ys = (4,4,4,2,0,2,2,0,2,0,6,4,4,2,4,2,0,4,2,2,0,0,0,0,2,0,0,0,0,0)7,

Yo =(6,4,4,2,4,2,0,4,2,2,8,4,4,2,0,4,4,4,0,0,0,0,0,0,0,0,0,0,0,0)7,

yio=(8,4,4,2,0,4,4,4,0,0,8,4,6,4,8,2,0,4,2,4,0,0,0,0,0,0,0,0,0,0)",

yi1=(8,4,6,4,8,2,0,4,2,4,8,6,6,2,0,2,6,4,2,0,0,0,0,0,0,2,0,2,2,0),

yi2=(8,6,6,2,0,2,6,4,2,0,10,6,4,4,8,2,0,4,2,4,2,0,2,2,0,0,0,0,0,0)7,

y13 = (10,6, 4,4,8,2,0,4,2,4,12,6,4,4,0,6,6,4,2,0,0,0,0,0,0,0,0,0,0,0)7,

yia = (12,6,4,4,0,6,6,4,2,0,10,6,8,6,12,4,0,0,4,4,0,0,0,0,0,0,0,0,0,0)7,

y15 = (10,6, 8,6, 12,4,0,0, 4, 4,8,10,6,6,0,4,8,4,4,0,0,0,0,0,0,2,2,0,0,0)7,
and introducing the recurrence relation

Yan = Foyn, Yong1 = Fiyn, n>=8
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one has the relation [10]
Upp1 = wTyn~ (AZ)

We finally introduce two new matrices in R2°*2° that rule the asymptotics of u,,:
G Otox10 Dy B
Ay = A= . A3
0 (D] B 1 010>< 10 G ( )

Appendix B. Proof of Theorem 2

In this appendix we give a proof of Theorem 2.

Outline of the proof. We first construct a common invariant cone K for the matrices Ag, A;. This cone has to contain all
the vectors z,, n € N (the restriction of y, to R?%) in its interior, to enable us to apply Lemma 1 and Corollary 1. That is why
the positive orthant ]Rio is not appropriate, because all those vectors are on its boundary. So, we have to construct a wider
invariant cone K. This is done in Lemma 4.

Then, invoking Lemma 1 and Corollary 1 we show that the products F(n) = Fy, - - - Fy, are asymptotically equivalent to
their corresponding product A(n) = Ay, - - - Ag, (Lemma 5).

We then shed some light on the vectors z,: their norms can be considered as norms of the products A(n) (Lemma 7).

We finally show in Lemma 8 that ||Aq, - - - Ag, || is equivalent to [|Ag, - - - Ag,_, |-

We end with the proof of Theorem 2 that puts all this together.

Let us first establish some special properties of the matrices Ag, A. Consider the following sets:

p= {x €R® x>0, x >O0foralli¢ (510,17, 18}},

Q= {x €R® x>0, x>0forallig|{7,8, 15,20}}.

letS = PUQ.Foranye > Oletp, € R*, (p,); = —sfori e {5,10,17,18} and (p,); = 1 otherwise; also let
g, € R, (q,); = —e fori e {7, 8, 15, 20} and (q,); = 1 otherwise. It is easy to verify by direct calculation that

Aopo €P,; Aoqo €P, (B.1)

Aipo€Q  Airqo €Q. .
and, moreover, for small ¢ > 0 (for instance, for ¢ = 1/4) we even have

AO Pe € P,

B.2
Al pb: € Q ( )

Unfortunately, the vector g, does not possess this property: Agq. and Ag, are both not in ]R?f for any ¢ > 0.Thatis why we
make an extra construction. For this we need two technical lemmas. The first one is verified by computer calculation.

Lemma 2. Fori = 0, 1 the largest eigenvalue 1; = p(A;) of the matrix A; has multiplicity one. If vy and v, are the corresponding
Perron-Frobenius eigenvectors of Aq and Ay respectively, then vy € P and vi € Q. Moreover, (vp); = 0,j € {5, 10, 17} and
(v =0, k e {7,8, 15, 20}.

The second fact is well known (see for instance [1]).

Lemma 3. For any matrix A in RY and for any u > p(A) there is a convex compact set M C R? such that 0 € intM and
AM C u M.

Let L be the invariant subspace of the operator A;, which complements the Perron-Frobenius eigenvector v; to the entire
space R?°, That is, L is the linear subspace generated by the 19 last columns of the matrix T, with ] = T~!A;T the canonical
Jordan form of A;. Thus, dimL = 19 and the spectral radius of the operator A; restricted to L is smaller than p(A). By
Lemma 3 there is a convex compact set M C L that contains the origin as an interior point and such that A{M C p(A;) M.
For an arbitrary § > 0 we denote Rs = { s(vi +6x),x € M,s € R+}. For any § > 0 this is a convex closed pointed cone,
v; € intRs and A{Rs C Rs.

Take now ¢ = %, and for any § > 0 consider the following convex closed cone: K = {u+y+tp.,u € Rio, y € Rs, t > 0}.
For small values of § this cone is pointed. Indeed, since v; € Q, it follows that if § > 0 is small enough, then for any
Yy € Rs,y # Owe havey; > Oforalli ¢ {7, 8, 15, 20}. Thus, any nonzeroy € R;s has at least 16 positive entries, and the
same holds for the vector tp,. Hence, any nonzero vector x € K has at least 12 positive entries; therefore —x ¢ K. Thus, K is
pointed.

Lemma 4. We have A;S C Sfori = 0,1andS C intK for any § > 0. Moreover, if §, € are small enough, then AJK C K for
i=0,1
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Proof. For any x € RY that has at least one positive coordinate we write Xy, = Mminy>o X; and Xmax = max x;. First we
show that A;S C S, i = 0, 1. Assume x € P (the proof for the case x € Q is literally the same). Since x > Xninpo We have
AoX > XminAopo € P (assertion (B.1)); therefore Agx € P. In the same way A1X > XnminA1Po € Q,and so A1x € Q.

Now let us show that S C intK for any § > 0. For arbitrary x € P and h € R? such that |h|s, < %Xmin we have

X+ h > %xmin pe; therefore x + h € K, which proves that x € intK. If x € Q, then we take any element z € R, for which
Zmax = land z; < —a, fori € {7, 8, 15, 20}, where o € (0, 1). It exists, because vy € intRs and (v1); = 0, i € {7, 8, 15, 20}
(Lemma 2). Then for any h € R?° such that |h|, < %xmm o we havex + h > %xmm z; therefore x + h € K, which proves
thatx € intK.

It remains to prove that AK C K, i =0, 1, whenever § issmall. Letx € K : x =u+y+tp,,u € R%, y € R;, t > 0.Since
Aju > 0and A;p, > 0 (this follows from (B.2)) we see that A;u and A;p, are both in K. So, we need to show that A;y € Rs. This
is obvious for i = 1, because A{Rs C Rs. Let us now prove that AgR; C K. If § is sufficiently small, then forally € Rs,y # 0
onehasy; > Ofori ¢ {7, 8, 15, 20}. Without loss of generality it may be assumed that y,.x = 1; we also normalize v, by the
same condition: (v1)max = 1. By Lemma 2 we have v; € Q, and therefore Aqv; € P.Sincey — v as§ — 0, it follows that
(Agy); > Ofori ¢ {5, 10, 17, 18} and, moreover, negative entries of Agy (if they exist) are less by modulo than %(Aoy)min,
whenever ¢ is small enough. This yields that Agy > (AgY)min P and hence Apy € K, which completes the proof. O

Corollary 5. For any x € S and for any sequence d1, . . ., d, we have

Ag, - -Agx € intK.
Lemma 5. Suppose n > 1 and consider the binary expansion d . . . dy of the number n — 1. We define A(n) = Ay, - - - Ag, and
similarly for F (n). Then, for any matrix norm one has

IF@) =< [IAm)]].

Proof. Since all matrix norms are equivalent, we can choose any norm. Obviously ||Fy, - - - Fg, ll1 > [|Aqg, - - - Ag, |1 (because

A; are submatrices of F;), hence it remains to prove the opposite inequality: there is a positive constant C such that
lAg, - -Ag.lli = Cl|Fg, - --Fg,ll; forall k € Nandd;, ..., d,. We consider the case d, = 1; the proof for the other case
is similar. Let m < k — 1 be the largest number such that d,, = 0. If the sequence has no zero, we fix m = 0. Let A;, H;, and R;
denote respectively the upper left, the upper right and the lower right corners of the matrix F; in block representation (A.1).
Then the product Fg, . .. Fg, has the following form: the left upper block is Ag, - - - Ag,, the left lower block is zero, the right
lower block is Ry, - - - Ry, and finally, the right upper block is

(i) (1)

p=1 =p+1
By convention, the product over an empty set is one. Since RyR; = 0, the right lower block is zero, except when m = 0, in
which case it is R. Block (B.3) becomes Zf,:m (Hj;] Adj) HdpR’fp , whose norm can be estimated from above as

k p—1
HZ l_[Adf ’ ‘
p=m Jj=1

where H = max{||Ho||1, ||H1]l1}. It was shown in [10] that the sum of entries of the matrix Rﬁ does not exceed C2! for any
i=0,1and[ > 1, where C > 0is a constant. Hence |[R ||, < C2¥?. Thus,

p—1
l_[ Ag
j=1 1

We have seen that p({Ag, A1}) > 2, so that C2% < C'llAg, - - - Ag,ll1. On the other hand, for any p > m we have

|Ag, -+ - Ag 1| = |Aqg, - “Ag, 4 (AdpA’fpl)l, where 1 is the vector of ones. By Corollary 5 the vectors AdpAQI belong to intK
for all r € N. Moreover, the vector A71/|A] 1| converges to v; (the Perron-Frobenius eigenvector of A;) asr — o0. Since
v € S (Lemma 2), Lemma 4 yields v; € intK. Therefore there is a constant C; > 0 such that y (Ag,A11) > C; forallr € N.
Let us recall that the value y (x) is defined in Lemma 1, and is continuous in x in the interior of the cone K. Applying now
Lemma 1 for x = AdpA’fpl, we get

k—p
Rl

, (B.4)
1

1

k
IFa, -+ Fall < IAg, -+ Aglln +HC Y 2477 +C2k, (B5)
p=m

A, - Aq |l = ColAg, -+ Agy_, (AgyAy ")
> CoCillAd, -+ Ady_, || - [Ag AT P = GASP|Ag, -+ Ag, I,
where & = p(A;) (by the same reasoning we have |Ag,A11| > y(A]D||Aqg,|| - |[A]1] > CA"; indeed, A11 € intK, and
thus ||A%A[1]| < [|A%]| - |A{1]). Thus, [|Aqg, - -+ Ag, , || < C5'AP7¥||Ag, - - - Ag,|| for all p < k. Substituting this in (B.5) and

taking into account that % < 1 (because A = p(A;) > 2.42) we take the sum of the geometrical progression and get
|Fq, - - Fgll1 < C4llAg, - - - Ag, Il1, where Cy4 is some constant. This concludes the proof. O
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Lemma 6. For any n we have u,,q < 2u,.

Proof. If a word of length n 4 1 is overlap free then so is its prefix of length n. On the other hand, at most two overlap-free
words of length n + 1 have the same prefix of lengthn. O

Lemma 7. Let the vectors y,, € R be the solution of the recurrence equation (4), and z,, € R?° be the vector with the first 20
entries of ym. We have z,, € S foreachm = 64, ..., 127.

Proof. The proof is by direct calculation. O

Lemma 8. Suppose n € Nand dy . . . d; is the binary expansion of n — 1; then ||A(n)|| =< ||A’(n) ||, where A(n) = Aq, - - - Aq, and
A(n) =Ag, - Ad_ye

Proof. The inequality |Aq, - - - Ag, | < C||Aq, - - - Aq,_, | is obvious by submultiplicativity of the norm. For the other direction,
we have

“Adl -+ Ag, “ = |Ad1 o 'Adk1| = |Ad1 o Agy_ g Agy_s - 'Adl<1)|' (B.6)
Corollary 5 yields Ag,_, ...Aq,1 € intK forall dy_s, ..., dy € {0, 1}. Applying now Lemma 1 we get

5= i Ag, . ...Ag1) > 0.
dl<—3q<1?1;1‘11;<—15[0s]}y( I a1) >

Therefore, for some C; > 0,
G “ACH e Ady_y ” = 8”Ad1 e Ady_y “ ’ |Adk—3 o 'Adk1|
< |Ag, -+ Ag 1. (B.7)

Combining this with (B.6) we get ||Aq, - - - Aq,_, | < Go||Aq, -+ Ag, |- O

We are now able to prove Theorem 2.

Proof of Theorem 2. Let g be the vector of R*°, whose first 20 entries are ones and the last 10 entries are zeros. Let also
m = dy_3 + dy_»2 + 2%dy_; + 23d,. Since w < 2g, we have

U < 2(n-1,8) = 2(Fa, - Fa_yYm. &)
< CO||Fd1 e de,4 ” = ”Ad] o ’Adk,4 ”a (BS)
where Cy does not depend on n (the first two relations are direct from fundamental assertions (A.2), the third relation
comes from the fact that y,;, and g are bounded, and the last equivalence is by Lemma 5). Combining Lemma 8 and (B.8)
givesu, < C3 ||Ad1 - Agy ||
Let us now prove the opposite inequality. Lemma 6, together with the fact that, by construction, the first ten entries of
Yn are equal to the entries 11, ..., 20 of y,_, implies that u, > §(un 4 tn+1) > ¢ (Va—1, &) Furthermore, for n > 27 we

have (yn-1,8) = (Fa, - - Fa,_,¥1. &), where | = Zf:o di—6+;2. Thus,

1
Uy > E(Fdl t 'de_7ylv g) (Bg)

On the other hand, defining zz € R? as the vector with the first 20 entries of y;: (Fy, -~ Fy ,¥1.8) =
(Ad1 - Ag_,2, 1):|Aﬂ,1 ---Adk77z,|]. By Lemma 7 we have z; € intK foralll € {64,...,127}, and we can define
h = mines<i<127 ¥ (z)) > 0 such that |Aq, - --Aq_,z1|, > hC4|lAq, - - - Ag_, ||, where C4 = mings<i<127 |z/|1. Combining this
with (B.9), we obtain

un > Gs||Ag, - - - Ag_, Il (B.10)

Now, by submultiplicativity of the norm,

Up = GollAg, - - - Agell. O
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Appendix C. The ellipsoidal norm

Define
313 75 23 33 -4 -3 3 4 37 03
75 577 100 63 184 350 163 —-58 138 50
23 100 599 113 4 292 42 101 82 08
33 63 113 485 46 135 108 20 69 10
P, — —4 184 4 46 364 235 226 44 89 —12
=1 -3 350 292 135 235 1059 384 95 337 61 |°
3 163 42 108 226 384 590 27 174 92
4 —-58 101 20 44 95 27 386 148 —17
37 138 82 69 89 337 174 148 575 86
3 50 8 10 -—-12 61 92 —17 86 423
—-104 -—-17 -—181 —4 —-58 51 —49 -8 27 -9
—-111 -224 -82 —-147 -99 -303 -167 -—-113 —-169 —-66
-22 -—-164 —-158 -50 -8 —-72 —-54 —-185 —-35 -34
-2 =136 —-52 —-90 -—-107 —-146 -92 -—-16 —-113 -—-11
P, —-46 —170 —-130 -91 -6 —-112 -239 -70 -—-121 3
2= | —59 —264 —274 —-174 -310 —-376 —280 —44 273 -74|"
-14 -193 -116 -—-108 -—-223 -179 -—-117 —-113 —-120 -98
—63 21 17 —-34 32 -76 2 -52 =31 -14
-74 —-159 —-47 —-67 -—-122 -—-173 -—-116 —-53 —-68 -—16
13 —57 -36 —-32 —4 —61 -90 —-14 -69 4
291 83 —16 48 —13 —-44 6 17 75 11
83 473 136 28 117 198 174 6 100 37
—16 136 466 104 65 249 118 65 125 14
48 28 104 476 51 80 76 51 37 18
P, — —13 117 65 51 328 195 194 76 67 -2
47| —-44 198 249 80 195 648 162 114 138 68 |’
6 174 118 76 194 162 567 76 122 65
17 6 65 51 76 114 76 387 112 —-10
75 100 125 37 67 138 122 112 556 42

11 37 14 18 =2 68 65 —10 42 438

(P P
p= (P% P4) .
One can check that P > 0, and that

A'PA — (2.5186)®P <0, VAe 3™
As explained in [5], this suffices to prove that p(X) < 2.5186.

Appendix D. The vector x

Define
1
X = 399 (153, 0, 60,0, 50, 56,99, 0,58, 1, 157,81, 0, 113, 0, 72,0, 99, 0, O)T.
Then one has the relation

B(Ax —1x) >0, VBe X% VAec X216,
x>0, x1)=1

with r = 2.41'%, This proves the inequality p(X) > 2.41.
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