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Abstract

We present a simple mathematical model for the transition to a sustainable economy in or-
der to explore the long-run evolution of an economy that achieves environment protection, full
recycling of material resources and limitation of greenhouse gas emissions. The main concern
is to investigate how balanced economic paths are modified under public policies for transition
to sustainability. We consider a world economy with two subregions that are endowed with
greenhouse gas emissions and ecological footprint of OECD and non-OECD countries respec-
tively. Then, for the OECD subregion, three different options are investigated : a green growth
option that focuses on accelerating the green technological change, a low growth option that
focuses on shifting the structure of the economy towards low carbon and low capital intensive
activities and a combined green-low growth option that focuses on the limitation of material
resources and the abatement of the ecological footprint.

Keywords: modelling, sustainability, balanced growth, transition.

1. Introduction

In the line proposed by Peter Victor [Victor and Rosenbluth, 2007, Victor, 2012] and Tim Jack-
son [Jackson, 2009, Appendix 2], we present a simple mathematical model for the transition to a
sustainable economy. The modelling approach is in the continuation of the “Limits to Growth”
of [Meadows et al., 1972, 2004] which have emphasized the unsustainable character of the current
economic trend as well as the necessity of a major change in the economic structure and the con-
sumption behaviour. The “Limits to Growth” projections are confirmed by [Turner, 2008] in his
comparison with empirical data.

Some authors have expressed their doubts as to the possibility of correctly analysing the sustainable
transition with the toolbox of mainstream economics and ask for the development of an epistemo-
logical questioning. Although we totally agree with the relevance of the epistemological issue, we
believe that the current debate may be clarified by looking more closely into the potential and the
limits of the neo-classical formalism for the understanding of the sustainability transition.

The model is built to assess public policies to attain sustainability. Our objective is to use the
model to explore long-run evolution of an economy that achieves environment protection, full recy-
cling of material resources and limitation of atmospheric carbon dioxide (CO2) which is the major
contributor to greenhouse gas emissions.

The model is a conceptual representation of a “decentralized economy” (see e.g. [Wickens, 2008,
Chapter 5]) where the decisions of producers, consumers and government are distinguished. In
order to address the objectives mentioned above, the model involves the main economic and envi-
ronmental variables that are essential for analyzing a sustainable economy. In addition to standard
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macroeconomic variables (such as production, consumption, investment, capital and labour), we
therefore also consider environmental variables (such as CO2 emissions, CO2 intensity, ecological
footprint, material intensity and recycling rate). As it is usual in macroeconomic modeling, the
model consists essentially of “flow balance equations” that combine aggregate stock variables and
flow functions.

We restrict our attention to balanced economic paths. Our main concern is to investigate how
balanced paths are modified under public policies for transition to sustainability. The reason for
restricting to balanced paths is to have consistent models that are as simple and flexible as possible.
We want simple models that can be easily implemented, even by users who are not familiar with
the use of optimal control methods in neo-classical economic theory (see e.g. [Bréchet et al., 2011]
and [Boucekkine et al., 2012] for the use of optimal control in the analysis of sustainable economic
growth). We want models that are flexible to easily include variants and extensions like subregions,
economic subsectors or explicit fiscal policies.

We define a fictional pseudo-world economy with two subregions that are endowed with the CO2

emissions and ecological footprint of OECD and non-OECD countries respectively. Then, for the
OECD subregion, we examine two major options towards sustainability: the “Green Growth” op-
tion and the “Low Growth” option. In the green growth option, it is believed that the greenhouse
gas emissions will be limited by developing public novel technical innovations without changing
the final output nor the economic structure. In contrast, the low growth option aims at developing
zero or low carbon emission activities without having to rely on major discoveries of new green
technologies, which results in structural change and lower growth.

The paper is organized as follows. The baseline system is presented in Section 2. It is a simple
single-sector economy. The system is supposed to follow a balanced trajectory along which the
capital-output ratio is constant. In Section 3, we set up a benchmark numerical model which is ini-
tialized with orders of magnitude corresponding to the state of OECD economy during the period
1998-2008 and which is consistent with the empirical data. Section 4 is devoted to modelling of
CO2 intensity and to the quantitative estimation of the relative decoupling between GDP growth
and CO2 emissions. For the simulations, the model equations are solved with Matlab-Simulink.
A first “business as usual” simulation experiment is presented in Section 5. In this simulation,
the economy continues to follow its current trend and makes the planet reaching unsupportable
CO2 atmospheric concentrations at the end of the century. Section 6 deals with the green growth
public policy. The baseline system is extended with a sector producing green technical knowledge.
The investment in this sector is assumed to increase proportionally to the excess of CO2 emissions.
The simulation result shows how the investment policy in public green technologies stabilizes the
atmospheric CO2 concentration with a public cost in the range 2-8 % of GDP. In Section 7, we
examine how the transition to sustainability may be achieved with a low-growth public policy that
consists in fostering the development of activities with low or zero carbon intensity and resulting in
lower productivity growth and structural change. For this purpose, we consider an economy with
two sectors: a conventional sector endowed with the economic features of the baseline system and
an ecological sector of activities having zero carbon intensity and constant labour productivity.
In the presented simulation results, the emphasis is on the progressive reallocation of capital and
labour between the two sectors in order to reach sustainability. Finally, in Section 8, the model is
extended by considering the issues of material resource limitations and environmental protection
when the transition to a sustainable economy requires to achieve ecological footprint reduction and
full recycling of a-biotic materials in addition to CO2 abatement.

2. The baseline system

We consider an economy with the fundamental national accounting identity

Y (t) = w(t)L(t) + r(t)K(t) = C(t) + I(t) +X(t)−M(t) (1)

where t is time, Y is the aggregate output production flow (= GDP), K is the aggregate capital, L
is the labour, C, X and M are consumption, export and import flows respectively. For simplicity,
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we do not distinguish between the flows stemming from the private and public sectors. In equation
(1), w(t) is the wage rate and r(t) is the capital rental rate.

The dynamics of the aggregate capital K are represented by the standard balance equation

dK(t)

dt
= −δK(t) + I(t) (2)

where I is the aggregate investment allocated to production of the final goods. The constant pa-
rameter δ ∈ (0, 1) is the capital depreciation rate.

We assume that the labour L is varying over time according to the dynamics

dL

dt
= µ(t)L (3)

where the specific evolution rate µ(t) is a time-varying exogenous variable.

Note that, in this paper, we do not use an aggregate “production function” (like e.g. the Cobb-
Douglas function) to describe the economy. Therefore “no assumption is made that returns to
scale are constant or that factors are paid their marginal products” [Temple, 2006], and neither of
those assumptions are required in the paper.

We introduce the following notations for the labour share in GDP, for the specific growth rates of
capital, output, wages and capital rental rate :

α(t) =
w(t)L(t)

Y (t)
, (4)

gK(t) =
1

K(t)

dK(t)

dt
, gY (t) =

1

Y (t)

dY (t)

dt
, (5)

gw(t) =
1

w(t)

dw(t)

dt
, gr(t) =

1

r(t)

dr(t)

dt
. (6)

Then, from (1)-(2)-(4)-(5)-(6) we have:

gy(t) = α(t) (µ(t) + gw(t)) + (1− α(t)) (gk(t) + gr(t)) . (7)

A balanced path is defined as the special case where the output-capital ratio Y (t)/K(t) is constant
and where imports equal exports X(t) =M(t) ∀t. Along a balanced path, the capital and output
growth rates are equal:

Y (t)

K(t)
= c = constant =⇒ d

dt

Y (t)

K(t)
= 0 =⇒ gK(t) = gY (t) = g(t) ∀t, (8)

Furthermore

r(t)
K(t)

Y (t)
= 1− α(t) =⇒ gr = −

( c

r(t)

)dα(t)
dt

. (9)

Moreover, from the definition of the labour share in the GDP, we have

α(t) =
w(t)L(t)

Y (t)
=
w(t)

A(t)

where A(t) denotes the labour productivity. By differentiating this expression and using (9) we
get an alternative formula for gr from the following implication:

dα(t)

dt
= α(gw − γ) =⇒ gr(t) =

(cα(t)
r(t)

)
(γ(t)− gw(t)) (10)

where γ denotes the growth rate of the labour productivity. Finally, by substituting gw from (10)
into (7), and using (8), we obtain

g(t) = γ(t) + µ(t).

From now on, for mathematical simplicity, the time argument “t” will be most often omitted in
the equations.
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3. Identification of a benchmark numerical model

The setting of a numerical simulation model requires to select parameter values and to specify
initial conditions. The year is taken as the time unit. The capital depreciation rate is set to
δ = 0.08.

1970 12,153 12,49 -0,769 14,79 9,34 5,45 1,2 1 0,75 -7,09 12,49 10,372
1971 12,648 12,95 -0,304 15,32 9,51 5,81 2 0,73 -19,11 12,95 10,762
1972 13,376 13,67 -0,289 15,96 9,98 5,98 3 0,73 -20,69 13,67 11,374
1973 14,256 14,54 -0,279 16,83 10,56 6,27 4 0,73 -22,47 14,54 12,102
1974 14,476 14,71 -0,236 16,85 10,30 6,55 5 0,70 -27,75 14,71 12,206
1975 14,623 14,77 -0,149000000000001 16,75 9,99 6,76 6 0,68 -45,37 14,77 12,272
1976 15,362 15,49 -0,131 17,73 10,50 7,23 7 0,68 -55,19 15,49 12,863
1977 15,997 16,07 -0,0700000000000003 18,32 10,73 7,59 8 0,67 -108,43 16,07 13,359
1978 16,706 16,78 -0,0749999999999993 18,54 11,03 7,51 9 0,66 -100,13 16,78 13,968
1979 17,400 17,43 -0,0250000000000021 19,57 11,30 8,27 10 0,65 -330,80 17,43 14,519
1980 17,722 17,65 0,070 19,37 11,03 8,34 11 0,62 119,14 17,65 14,702
1981 18,110 18,04 0,0739999999999981 18,77 10,60 8,17 12 0,59 110,41 18,04 15,034
1982 18,186 18,06 0,131 18,62 10,24 8,36 13 0,57 63,82 18,06 15,079
1983 18,695 18,57 0,120999999999999 18,55 10,19 8,36 14 0,55 69,09 18,57 15,519
1984 19,597 19,46 0,140000000000001 19,22 10,46 8,76 15 0,54 62,57 19,46 16,268
1985 20,364 20,20 0,163 19,79 10,57 9,22 16 0,52 56,56 20,20 16,925
1986 21,044 20,80 0,243000000000002 20,40 10,57 9,83 17 0,51 40,45 20,80 17,439
1987 21,793 21,51 0,279 20,91 10,91 10,00 18 0,51 35,84 21,51 18,026
1988 22,822 22,50 0,324999999999999 21,66 11,27 10,39 19 0,50 31,97 22,50 18,883
1989 23,684 23,36 0,326000000000001 22,09 11,55 10,54 20 0,49 32,33 23,36 19,625
1990 24,398 24,08 0,315000000000001 22,31 11,46 10,85 0,91 21 0,48 34,44 24,08 20,252
1991 24,783 24,42 0,360000000000003 22,63 11,61 11,02 22 0,48 30,61 24,42 20,512
1992 25,304 24,96 0,347999999999999 22,40 11,62 10,78 23 0,47 30,98 24,96 20,923
1993 25,753 25,32 0,437000000000001 22,37 11,86 10,51 24 0,47 24,05 25,32 21,210
1994 26,599 26,10 0,5 22,78 11,99 10,79 25 0,46 21,58 26,10 21,855
1995 27,363 26,74 0,626999999999999 23,29 12,13 11,16 26 0,45 17,80 26,74 22,397
1996 28,282 27,56 0,721 23,76 12,46 11,30 27 0,45 15,67 27,56 23,065
1997 29,359 28,61 0,748000000000001 24,20 12,60 11,60 28 0,44 15,51 28,61 23,884
1998 30,041 29,39 0,651 24,34 12,49 11,85 0,81 29 0,42 18,20 29,39 24,455
1999 31,028 30,39 0,634 24,14 12,45 11,69 30 0,41 18,44 30,39 25,246
2000 32,329 31,64 0,687000000000001 24,75 12,59 12,16 31 0,40 17,70 31,64 26,235
2001 32,874 32,08 0,792999999999999 25,36 12,52 12,84 32 0,39 16,19 32,08 26,577
2002 33,528 32,63 0,899999999999999 25,60 12,59 13,01 0,76 33 0,39 14,46 32,63 26,991
2003 34,444 33,30 1,14400000000001 27,12 12,80 14,32 34 0,38 12,52 33,30 27,526
2004 35,820 34,37 1,454 28,54 12,96 15,58 35 0,38 10,72 34,37 28,373
2005 37,061 35,29 1,767 29,65 12,99 16,66 0,80 36 0,37 9,43 35,29 29,075
2006 38,544 36,41 2,139 30,62 12,95 17,67 37 0,36 8,26 36,41 29,913
2007 40,062 37,41 2,65 31,33 13,01 18,32 38 0,35 6,91 37,41 30,684
2008 40,596 37,47 3,126 32,08 12,85 19,23 0,79 39 0,34 6,15 37,47 30,674
2009 39,685 36,11 3,576 36,11 29,467
2010 41,407 37,18 4,224 37,18 30,410
2011 42,530 37,86 4,674 37,86 30,863

World GDP OECD GDP World CO2 emissions OECD CO2 emissions NON-OECD CO2 emiss. World  OECD NON-OECD OECD GDP OECD GDP
Constant prices 2000 Constant prices 2005 Carbon intens Carbon Carbon Constant prices 2005 Constant prices 2000
Wold Bank Data OECD stat World Bank Data World Bank Data World Bank Data Intensity Intensity OECD stat World Bank Data
Tera Dollars/year Tera Dollars/Year GT/Year GT/Year GT/Year GT/T US $ GT/T US $ GT/T US $ Tera Dollars/Year Tera Dollars/Year
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Fig.1: GDP in OECD from 1970 to 2010 (constant prices 2005). The green
dots are empirical data from stat.oecd.org. The red curve repre-
sents a superimposed LS estimate of the balanced path.

1998 25,090 29,309 23,154 92.5 509,393 522,022100 12,629 0,0242 1133,779000 22056 3.87224887 30,1943 29,8343 22,982 5,9224 12,452 10,53 95
1999 26,292 30,323 24,048 93.4 515,164 526,295000 11,131 0,0211 1141,640000 22956 5.19843687 31,2330 30,8154 23,071 6,0011 12,412 10,66 39
2000 28,106 31,596 24,964 96.4 522,660 532,003700 11,131 0,0209 1149,942000 24357 5.21633935 32,0121 32,2869 23,622 6,0798 12,555 11,07 53
2001 29,219 32,032 25,566 96.8 524,918 535,433600 10,516 0,0196 1158,276000 25132 -0.69602858 31,7524 32,7774 23,757 6,1569 12,474 11,28 168
2002 30,331 32,583 26,232 97.2 525,563 540,291500 14,729 0,0273 1166,381000 25903 -1.00897116 33,0509 33,3770 24,155 6,2329 12,551 11,60 10
2003 31,438 33,242 26,836 97.7 527,054 543,224700 16,171 0,0298 1174,389000 26655 2.24710142 36,9463 34,3580 25,581 6,3082 12,758 12,82 24
2004 33,336 34,316 27,556 98.9 531,362 549,195200 17,833 0,0325 1182,480000 28091 4.71268874 42,1402 35,7206 26,865 6,3834 12,924 13,94 38
2005 35,277 35,252 28,270 100.0 538,243 554,284400 16,041 0,0289 1189,624000 29549 4.90036839 45,7759 37,0286 27,633 6,4584 12,947 14,69 4
2006 37,848 36,372 29,010 101.8 547,369 561,265300 13,896 0,0248 1197,515000 31515 4.41698379 49,4116 38,4457 28,494 6,5340 12,913 15,58 53
2007 40,016 37,379 29,711 103.3 555,205 567,057100 11,852 0,0209 1205,856000 33099 2.60654375 55,6443 39,9717 29,335 6,6100 12,969 16,37 327
2008 41,259 37,429 29,877 104.0 558,437 572,476300 14,039 0,0245 1214,115000 33904 -2.41402236 61,3575 40,6257 29,862 6,6868 12,805 17,06 485
2009 40,251 35,985 29,634 102.1 547,062 575,241300 28,179 0,0490 1221,410000 32861 -12.30392393 58,2412 39,6447 6,7637 28
2010 41,876 37,109 30,205 102.5 550,474 579,232100 28,758 0,0496 1228,203000 33962 2.51472258 63,0486 41,3343 6,8405 23
2011 43,498 555,451

2
GDP(exp) GDP(exp) Consumption Employment Employment Active Population Unemployment Taux de chomage Total population GDP per capita Investment GDP GDP Emissions CO2 World Population Emissions CO2 EmissionsCO2 13
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2005 2005 138
4

1998 5,907 5,943 5,104531 6,16 23,884 29,309 0,79 0,0 31,55 0 0 365 2000 12,00 12,62 41
1999 6,255 6,461 4,940951 6,27 24,455 30,323 0,0 40,39 0 0 383 2010 17,43 13,07 91
2000 7,018 7,268 3,906499 6,63 25,246 31,596 1,1744 51,09 0,6 0,60 403 2020 20,03 13,40 15
2001 7,055 7,265 2,533254 6,47 26,235 32,032 3,7689 60,23 3,32 2,27 420 2030 21,72 12,81 26
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2004 8,096 8,538 8,804246 6,76 27,526 34,316 0,80 4,8405 98,75 9,24 4,78 449 2060 24,95 8,10 8
2005 8,579 9,089 10,499131 6,98 28,373 35,252 4,2751 115,32 9,65 4,93 452 2070 25,73 6,47 121
2006 9,355 9,852 11,563301 7,36 29,075 36,372 3,7100 134,50 9,83 4,99 453 2080 26,42 5,14 70
2007 10,002 10,419 15,628188 7,67 29,913 37,379 3,2099 156,39 9,91 5,02 453 2090 27,05 4,06 52
2008 10,227 10,462 20,098584 7,55 30,684 37,429 2,7755 181,59 9,95 5,04 453 2100 27,63 3,20 27
2009 9,084 9,170 17,989848 6,35 30,674 35,985 2002 11,60 288
2010 10,145 10,266 21,173067 6,90 29,467 37,109 0,81 2003 12,82 1293
2011 2004 13,94
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Fig.2: GDP and Consumption in OECD from 1998 to 2010 (constant prices
2005). The dots are annual empirical data from stat.oecd.org. The
red curves represent superimposed LS estimates of the balanced path.

In order to get simulation results having a realistic flavour, we set up a benchmark model which
is initialized with orders of magnitude corresponding to the state of OECD economy during the
period 1998 - 2008. The evolution of GDP, consumption, employment, imports, exports and labour
share in GDP are shown in Fig.1-2-3-4-5. Employment is taken as the measurement of labour L.

These empirical data show small economic fluctuations around an exponential path (represented
by the red curves fitted on the data) which is assumed to be a balanced path. From the empirical
data of Fig.1 and Fig.3, the following least-squares estimates are computed:

1

Y

dY

dt
= g ≃ 0.028,

1

L

dL

dt
= µ ≃ 0.011. (11)
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1998 25,090 29,309 23,154 494,617 530,564 35,947 0,0678 1133,779000 22056 3.87224887 30,1943 29,8343 22,982 5,9224 12,452 10,53 95
1999 26,292 30,323 24,048 499,642 534,909 35,267 0,0659 1141,640000 22956 5.19843687 31,2330 30,8154 23,071 6,0011 12,412 10,66 39
2000 28,106 31,596 24,964 507,850 541,085 35,267 0,0652 1149,942000 24357 5.21633935 32,0121 32,2869 23,622 6,0798 12,555 11,07 53
2001 29,219 32,032 25,566 510,653 544,714 34,061 0,0625 1158,276000 25132 -0.69602858 31,7524 32,7774 23,757 6,1569 12,474 11,28 168
2002 30,331 32,583 26,232 512,134 549,554 37,420 0,0681 1166,381000 25903 -1.00897116 33,0509 33,3770 24,155 6,2329 12,551 11,60 10
2003 31,438 33,242 26,836 514,728 553,193 38,465 0,0695 1174,389000 26655 2.24710142 36,9463 34,3580 25,581 6,3082 12,758 12,82 24
2004 33,336 34,316 27,556 519,155 557,407 38,252 0,0686 1182,480000 28091 4.71268874 42,1402 35,7206 26,865 6,3834 12,924 13,94 38
2005 35,277 35,252 28,270 526,853 564,192 37,339 0,0662 1189,624000 29549 4.90036839 45,7759 37,0286 27,633 6,4584 12,947 14,69 4
2006 37,848 36,372 29,010 536,982 571,835 34,853 0,0609 1197,515000 31515 4.41698379 49,4116 38,4457 28,494 6,5340 12,913 15,58 53
2007 40,016 37,379 29,711 545,407 578,022 32,615 0,0564 1205,856000 33099 2.60654375 55,6443 39,9717 29,335 6,6100 12,969 16,37 327
2008 41,259 37,429 29,877 549,393 584,065 34,672 0,0594 1214,115000 33904 -2.41402236 61,3575 40,6257 29,862 6,6868 12,805 17,06 485
2009 40,251 35,985 29,634 538,525 586,299 47,774 0,0815 1221,410000 32861 -12.30392393 58,2412 39,6447 6,7637 28
2010 41,876 37,109 30,205 542,348 591,644 49,296 0,0833 1228,203000 33962 2.51472258 63,0486 41,3343 6,8405 23
2011 43,498

2
GDP(exp) GDP(exp) Consumption Employment Employment Active Population Unemployment Taux de chomage Total population GDP per capita Investment GDP GDP Emissions CO2 World Population Emissions CO2 EmissionsCO2 13
absolu absolu absolu relatif absolu absolu absolu absolu absolu absolu absolu absolu absolu absolu 50
OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE World World World OECD Reste du monde 150
TUS$ courants TUS$ constant prices TUS$ constant pricesTUS$ constant prices % annual growth TUS$ courants TUS$ constants98 GT/year milliards GT/year milliards ton/an 897

2005 2005 138
4

1998 5,907 5,943 5,104531 6,16 23,884 29,309 0,79 31,55 0 0,0 31,55 0 365 2000 12,00 12,62 41
1999 6,255 6,461 4,940951 6,27 24,455 30,323 40,39 0 0,0 40,39 0 383 2010 17,43 13,07 91
2000 7,018 7,268 3,906499 6,63 25,246 31,596 51,26 0,43 1,1995 51,69 0,62 403 2020 20,03 13,40 15
2001 7,055 7,265 2,533254 6,47 26,235 32,032 61,11 2,44 3,9024 63,55 2,48 420 2030 21,72 12,81 26
2002 7,205 7,480 2,719789 6,35 26,577 32,583 72,39 5,18 6,1493 77,57 4,77 434 2040 23,00 11,62 22
2003 7,414 7,814 5,508758 6,41 26,991 33,242 83,72 7,98 7,6336 91,70 7,00 444 2050 24,05 9,84 15
2004 8,096 8,538 8,804246 6,76 27,526 34,316 0,80 97,64 10,35 8,1489 107,99 8,80 449 2060 24,95 8,10 8
2005 8,579 9,089 10,499131 6,98 28,373 35,252 112,93 12,04 8,0099 124,97 10,01 452 2070 25,73 6,47 121
2006 9,355 9,852 11,563301 7,36 29,075 36,372 131,42 12,92 7,3230 144,34 10,57 453 2080 26,42 5,14 70
2007 10,002 10,419 15,628188 7,67 29,913 37,379 153,24 13,06 6,3379 166,30 10,54 453 2090 27,05 4,06 52
2008 10,227 10,462 20,098584 7,55 30,684 37,429 178,99 12,56 5,2310 191,55 10,02 453 2100 27,63 3,20 27
2009 9,084 9,170 17,989848 6,35 30,674 35,985 2002 11,60 288
2010 10,145 10,266 21,173067 6,90 29,467 37,109 0,81 2003 12,82 1293
2011 2004 13,94
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Fig.3: Population and Employment in OECD from 1998 to 2008 (millions
of people). The dots are annual empirical data from stat.oecd.org.
The red curve represents the superimposed LS estimate of the bal-
anced path.
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Fig.4: Imports and Exports in OECD from 1998 to 2010 (constant prices
2005). The dots are annual empirical data from stat.oecd.org. The
red curve represents the superimposed LS estimate of the balanced
path.
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1982 0,665
1983 0,658
1984 0,645
1985 0,639 0,639
1986 0,634
1987 0,633
1988 0,625
1989 0,622
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1991 0,625
1992 0,624
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Fig.5: Labour share in GDP in OECD from 1980 to 2005. The dots are
empirical data from stat.oecd.org. The red curve represents an
exponential LS estimate fitted on the empirical data.

As mentioned above, it is assumed that imports equal exports X(t) =M(t) ∀t along the balanced
path, see Fig.4. The empirical data for α(t) are shown in Fig.5 and the following exponentially
decreasing function is fitted on the data:

α(t) = α(0)e−at with a ≃ 0.0061. (12)

The initial time (t = 0) for the numerical simulations of the benchmark economy is the year 2000.
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On the balanced path represented in Fig.2-3-4-5, we have directly the initial values

Y (0) = 31.60, C(0) = 24.96, L(0) = 495, X(0) =M(0) = 6.8, α(0) = 0.67.

Therefore

K(0) =
Y (0)− C(0)

g + δ
= 63.24, A(0) =

Y (0)

L(0)
= 0.0638, c =

Y (0)

K(0)
= 0.49 and γ = g − µ = 0.017.

The initial values are collected in Table 3 (see Appendix) where the corresponding units are also
given.

4. Carbon dioxide

As in [Nordhaus, 2008], we assume that CO2 emissions are representative of total GHG emissions.
The CO2 emission rates for OECD and non-OECD countries during the period 1970-2008 are
shown in Fig.6. In non-OECD countries CO2 emissions are steadily increasing proportionally to
GDP. In contrast, the CO2 emissions of OECD countries are slowly increasing and even almost
constant over the last ten years. Assuming that the CO2 emissions are related to the economic
production, there is no loss of generality in writing

E(t) = h(t)Y (t) (13)

where E(t) is the CO2 emission flow and h(t) is the carbon intensity of the economic production
Y (t). The OECD empirical data for h(t) are shown in Fig.7 and the following exponentially
decreasing function can be fitted on the data:

h(t) = h(0)e−εt kg CO2/US$ with ε ≃ 0.021. (14)

By differentiating equation (13), we obtain:

dE

dt
=
dh

dt
Y + h

dY

dt
=

(
1

Y

dY

dt
+

1

h

dh

dt

)
E = (gY (t)− ε)E. (15)

An important point here is obviously that ε ≃ 0.021 < gY ≃ 0.028 which means that the efficiency
of CO2 abatement is not sufficient to compensate for GDP growth: the decoupling between growth
and greenhouse gas emissions is relative but not absolute ([Jackson, 2009, p.53]).
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2006 38,544 36,41 2,139 30,62 12,95 17,67 37 0,36 8,26 36,41 29,913
2007 40,062 37,41 2,65 31,33 13,01 18,32 38 0,35 6,91 37,41 30,684
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Fig.6: CO2 emissions (Data from World Bank Development Indicators.)
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Fig.7: CO2 intensity in OECD countries computed with data from Fig.1
and Fig.6. (The exponential function h(t) is represented by the solid
line.)

5. First simulation : Business as Usual

In this first simulation, we assume that the economy continues to follow the balanced path that
we have identified above. The balanced path is a solution of the following set of differential and
algebraic equations:

dL

dt
= µL,

dα

dt
= −aα, dK

dt
= (µ+ γ)K,

dE

dt
= (µ+ γ − ε)E, (16)

I = (µ+ γ + δ)K, Y = cK, C = Y − I, w =
αY

L
, r = c(1− α). (17)

For the population dynamics we adopt the medium projection of the United Nations (see [UN, 2004])
such that the population increases until about 2050 and then stabilizes for a while as shown in
Fig.8.

2000 6 1,10
2020 7,5 1,37
2040 8,5 1,56
2060 8,9 1,63
2080 8,98 1,64
2100 9 1,65
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Fig.8: Evolution of the population from 2000 to 2100 (milliards of people)
in the benchmark model.

The exogenous specific growth rate µ(t) is computed accordingly. The employment is supposed
to be a constant fraction of the population. The model is initialized in 2000 with the values of
Table 3. To model the technical progress, we assume a constant labour productivity growth rate
γ = 0.017 as computed in Section 3. For the other constant parameters needed for the simulation,
we adopt the values computed above : a = 0.0061, c = 0.49, ε = 0.021. The model equations are
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2000 31,55 31,55 0,0 64,21 31,4629 12,55 0,01100 0,670 2,8
2010 40,39 40,39 0,0 84,49 41,4001 13,39 0,01000 0,630 2,8
2020 52,27 51,60 0,67 109,63 53,7187 14,13 0,00870 0,593 2,4
2030 63,69 61,78 1,91 139,65 68,4285 14,68 0,00700 0,558 1,8 7,92
2040 76,63 70,43 6,2 174,45 85,4805 14,98 0,00500 0,525 1,1 7,52
2050 88,41 74,83 13,58 213,72 104,7228 14,99 0,00310 0,494 0,48 6,50
2060 101,43 77,09 24,34 257,66 126,2534 14,73 0,00150 0,464 0,0 4,98
2070 114,07 76,76 37,31 307,78 150,8122 14,30 0,00054 0,437 -0,05 4,01
2080 128,60 75,92 52,68 365,92 179,3008 13,79 0,00027 0,411 -0,13 3,42
2090 145,20 75,01 70,19 434,16 212,7384 13,28 0,00013 0,387 -0,20 2,91
2100 162,70 74,30 88,40 514,74 252,2226 12,77 0,00004 0,364 -0,28 2,51
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Fig.9: Business as usual. Left: GDP (TUS $/year); Right: CO2 emissions
(GT/year).

encoded in Matlab-Simulink.

The results of the simulation experiment are illustrated in Fig.9. As it can be expected, the econ-
omy keeps growing exponentially and does not significantly reduce the level of CO2 emissions.
There is a slight decrease of CO2 emissions during the second half of the century which is due to
the conjugate effects of population stabilization and carbon intensity decrease. But, at the end of
the century, the CO2 emission per capita is about 6T/year. Extended to the whole planet, such an
emission rate per capita would make the CO2 atmospheric concentration reaching unsupportable
values in 2100 (over 800 ppm, see e.g.[Nordhaus, 2010]).

6. Green Growth

Despite the capitalist propension to efficiency and despite a significant decrease of carbon intensity
(50% since 1970), it can clearly be suspected from the results of the previous section that the
current economic trend will not succeed in reaching a sustainable economy. Vigorous new public
policies are most probably needed to modify this trend in the desired direction. In this section,
we investigate a so-called “green growth” public policy. For this purpose we extend the model
by introducing the additional assumption that a share of the total investment is funded by the
government and explicitly allocated to the development of “Novel Green Technical Knowledge”.
These innovations are pure public goods that are both non-rival and non-excludable. In other
words they are freely made available to all producers in order to further reduce the greenhouse gas
emissions.

Therefore, we now consider an economy with two sectors:

1) A conventional sector with an accounting identity

Ycs = wcsLcs + rcsKcs. (18)

The conventional sector is endowed with the dynamics, the parameter values and the initial con-
ditions of the benchmark model of the previous section.

2) A “green technology” public sector that produces the public green technical knowledge denoted
H. The production flow of H is denoted

dH

dt
= Ygs. (19)

with the accounting identity
Ygs = wgsLgs + rgsKgs,
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where Kgs and Lgs are the capital and the labour allocated to the public research in green technical
knowledge. The dynamics of the capital stock Kgs are represented by the equation

dKgs

dt
= −δKgs + Igs, (20)

where Igs denotes the green investment.

For simplicity, we will assume that the two sectors have identical labour productivities:

Ycs
Lcs

=
Ygs
Lgs

= A,

but this could be relaxed to some degree. We consider equilibrium economic paths with competitive
factor markets. This implies that, along the economic path, the wage rates and the rental rates
are equal in the two sectors:

wcs(t) = wgs(t) = w(t), rcs(t) = rgs(t) = r(t). (21)

The two sectors are aggregated by defining the total capital K = Kcs +Kgs, the total investment
I = Ics + Igs and the total output Y = Ycs + Ygs. It is then readily checked that:

dK

dt
= −δK + I. (22)

From these conditions, we have that the total output satisfies a global accounting identity of the
form

Y = Ycs + Ygs = wL+ rK. (23)

Hence, the structure of the economy is not modified with respect to business as usual. But the
nature of the production is different since the representative output Y is now partly composed of
the public green knowledge Ygs (in addition to the on-going private green technologies that are
already incorporated in the conventional production).

Let us now turn to the issue of the sustainable transition. As it can be observed from the data
of Fig.6, the current level of world CO2 emissions (in 2008) is about 30 GT/Year with 45% for
OECD and 55% for the rest of the world. We assume that the objective of the transition to a
sustainable economy is to guarantee equitable emissions over the planet in 2100 with
a total value less than 24 GT/Year. The target value is therefore set at:

E∗
w = 23.8 GT/Year.

Hence, the sustainable challenge is to decrease the global emissions with respect to the present
situation while ensuring progressively a fair distribution with the same emissions per capita every-
where in the world. This implies strongly reducing the OECD emissions while still allowing for a
moderate increase in non-OECD countries. Since the ratio of OECD to world population is 0.183,
the target for OECD emissions in 2100 must be (at most)

E∗ = 0.183× E∗
w = 0.183× 23.8 = 4.66 GT/Year.

In order to achieve this goal, the model of CO2 emissions is extended to incorporate the effect of
green technologies as follows:

E(t) = h(t)Y (t)e−ηH(t).

With this model we thus now assume that E is not only linearly increasing with final output
production as above but also exponentially decreasing with the level of public green technical
knowledge H. The parameter η is an elasticity coefficient. The function h(t) is given by expression
(14) and represents the current decrease of CO2 intensity. Obviously the elasticity η is a key
parameter in this model since it determines how much can be achieved in CO2 abatement per
unit of time with a given investment. The answer to this question has given rise to an abundant
literature but is still, nevertheless, a widely open question. Depending of the assumptions, the
estimates of the cost of achieving 50% reduction in CO2 emissions in 2050 span a very wide range,
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Fig.10: Green growth in the OECD benchmark model. Left: GDP; Right:
Public cost of green growth as a percentage of GDP.

from 1% to 8% of GDP (see e.g. [Bréchet et al., 2011, Section 6]). In our simulation, we set
η = 0.001 which provides a cost in this range. All the other constant parameters needed for the
simulation have been given previously (see also Table 2). In order to achieve the goal of CO2

abatement, an endogenous feedback investment policy is applied to the system from 2014. The
public green investment Igs is simply assumed to change proportionally to the excess of CO2

emissions with respect to the target E∗:

dIgs
dt

= θ0(E − E∗). (24)

The constant parameter θ0 is adjusted by trial and error at the value θ0 = 0.0075.

As above, a balanced path is defined as the special case where the ouput-capital ratio is constant
and identical in the two sectors:

Ycs
Kcs

=
Ygs
Kgs

= c.

The balanced path is the solution of the following set of differential and algebraic equations:

dL

dt
= µL,

dα

dt
= −aα, dA

dt
= γA,

dK

dt
= (µ+ γ)K,

I = (µ+ γ + δ)K, Y = cK, C = Y − I, w = αA, r = c(1− α).

dE

dt
= (µ+ γ − ε− ηcKgs)E,

dKgs

dt
= −δKgs + Igs,

dIgs
dt

= θ0(E − E∗). (25)

Ygs = cKgs, Lgs =
Ygs
A
,

Kcs = K −Kgs, Ycs = Y − Ygs, Ics = I − Igs, Lcs = L− Lgs.

The three differential equation (25) describe the dynamics connecting the public green investment
Igs to the CO2 emissions E. The first of these equations is a modification of (15) which accounts
for the influence of H.

The model is initialized in 2000 with the values of Table 3 for the conventional sector and with zero
initial conditions for the ecological sector. The green growth policy is activated in 2014. The result
of the simulation experiment is illustrated in Fig.10 and 11. It must be clearly understood that, in
this result, the conventional sector involves the “usual” technical progress towards CO2 abatement
at the rate ε which is not sufficient to reach sustainability. In addition, the green technology sector
produces supplementary free public innovations that are used to further accelerate CO2 abatement
in order to reach the sustainable target. In Fig.10 the cost (Igs + wLgs) of this public policy is
also represented as a percentage of GDP.
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Fig.11: CO2 emissions for the period 2000-2100: simulation result for the
OECD benchmark and highest admissible growth projection for
non-OECD countries. The red dots are empirical data.
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Fig.12: CO2 emissions per capita for the period 2000-2100

In order to estimate the impact of this policy on the planet atmospheric CO2 concentration, we need
also to have a scenario for CO2 emissions in non-OECD countries. The future effective evolution
of CO2 emissions in non-OECD countries depends on many factors such as the international
trade, the extent of exported emissions [Davis and Caldeira, 2010] or the efficiency of international
negociations (Kyoto, Copenhagen, Doha ...). In any case, in order to decrease the total world
emissions, it is clear that the highest admissible projection of sustainable CO2 emissions for non-
OECD is given in Fig.11, because higher emissions would be too large with respect to the target
of 24 GT/Year in 2100. The corresponding evolution of emissions per capita in both subregions is
shown in Fig.12. In the non-OECD subregion, the increase of CO2 may not exceed the population
growth. It is interesting to notice that, as shown in Fig.13, the CO2 emissions scenario has a
magnitude close to the IPCC RCP4.5 scenario which predicts a temperature increase likely in the
range [+1.1◦C , + 2.6◦C] by 2100 with respect to 2000 [IPCC, 2013, page 12-3].
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2003 31,438 33,242 26,836 514,728 553,193 38,465 0,0695 1174,389 26655 2.24710142 36,9463 34,358 25,581 6,3082 12,758 12,82 374,456 0,149
2004 33,336 34,316 27,556 519,155 557,407 38,252 0,0686 1182,48 28091 4.71268874 42,1402 35,7206 26,865 6,3834 12,924 13,94 376,325 0,153
2005 35,277 35,252 28,270 526,853 564,192 37,339 0,0662 1189,624 29549 4.90036839 45,7759 37,0286 27,633 6,4584 12,947 14,69 378,2 0,155
2006 37,848 36,372 29,010 536,982 571,835 34,853 0,0609 1197,515 31515 4.41698379 49,4116 38,4457 28,494 6,534 12,913 15,58 380,699 0,156
2007 40,016 37,379 29,711 545,407 578,022 32,615 0,0564 1205,856 33099 2.60654375 55,6443 39,9717 29,335 6,61 12,969 16,37 382,699 0,157
2008 41,259 37,429 29,877 549,393 584,065 34,672 0,0594 1214,115 33904 -2.41402236 61,3575 40,6257 29,862 6,6868 12,805 17,06 384,554 0,157
2009 40,251 35,985 29,634 538,525 586,299 47,774 0,0815 1221,41 32861 -12.30392393 58,2412 39,6447 6,7637
2010 41,876 37,109 30,205 542,348 591,644 49,296 0,0833 1228,203 33962 2.51472258 63,0486 41,3343 6,8405
2011 43,498

GDP(exp) GDP(exp) Consumption Employment Active Population Unemployment Taux de chomage Total population GDP per capita Investment GDP GDP Emissions CO2 World Population Emissions CO2 EmissionsCO2 CO2 atmosph estimation k1
absolu absolu absolu absolu absolu absolu absolu absolu absolu absolu absolu absolu absolu concentration
OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE OCDE World World World OECD non-ocde ppm
TUS$ courants TUS$ constant prices TUS$ constant prices % annual growth TUS$ courants TUS$ constants98 GT/year milliards GT/year milliards ton/an

2005 2005

1998 5,907 5,943 5,105 6,16 23,884 29,309 0,79 31,55 0 0 31,55 0 365 2000 12,00 12,55 365 24,55 24,55
1999 6,255 6,461 4,940951 6,27 24,455 30,323 41,4 0 0 41,4 0 386 2010 17,43 13,39 383 30,82 30,82
2000 7,018 7,268 3,906 6,63 25,246 31,596 40,440 53,20 0,52 1,3403 53,72 0,72 416 2020 20,03 14,06 403 34,09 37,84
2001 7,055 7,265 2,533 6,47 26,235 32,032 40,773 65,43 2,999 4,1064 68,43 2,81 442 2030 20,94 14,29 420 35,23 40,74
2002 7,205 7,48 2,720 6,35 26,577 32,583 41,354 78,95 6,531 6,1652 85,48 5,27 456 2040 20,94 13,8 434 34,74 42,09
2003 7,414 7,814 5,509 6,41 26,991 33,242 41,978 94,37 10,401 7,2731 104,77 7,62 469 2050 20,94 12,6 444 33,54 41,18
2004 8,096 8,538 8,804 6,76 27,526 34,316 42,965 0,80 112,27 14,112 7,5724 126,38 9,57 480 2060 20,94 10,89 449 31,83 34,73
2005 8,579 9,089 10,499 6,98 28,373 35,252 43,492 133,64 17,322 7,2801 150,96 10,99 492 2070 20,94 9,01 452 29,95 27,27
2006 9,355 9,852 11,563 7,36 29,075 36,372 44,027 159,64 19,836 6,5913 179,48 11,83 499 2080 20,94 7,21 453 28,15 16,00
2007 10,002 10,419 15,628 7,67 29,913 37,379 44,547 191,36 21,586 5,7103 212,95 12,16 502 2090 20,94 5,63 453 26,57 16,00
2008 10,227 10,462 20,099 7,55 30,684 37,429 44,284 229,87 22,599 4,7728 252,47 12,05 503 2100 20,94 4,34 453 25,28 16,00
2009 9,084 9,17 17,990 6,35 30,674 35,985 2002 11,60
2010 10,145 10,266 21,173 6,90 29,467 37,109 0,81 2003 12,82
2011 2004 13,94

gg-Ycs gg-Ygs COST Percentage gg-YTOT COST 2005 14,69
Exports Imports Y-C GDP Average 2006 15,58
absolu absolu absolu Salary 2007 16,37
OCDE OCDE OCDE OECD 2008 17,06
TUS$ constant prices TUS$ constant prices TUS$ constant prices constant prices 2005

2005 2005 2000 CO2 atmosph CO2 emissions CO2 Emissions CO2 emissions CO2 emissions RCP 4.5
concentration non-OECD non-OECD OECD gg Total planet Scenario
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There are however many major objections that can be invoked against the feasibility of green
growth. A very fundamental objection is that green growth relies essentially on a blind faith into
the technological progress. Indeed it seems as well reasonable to believe that the required massive
technological breakthrough is in fact out of reach. For this reason, a sound principle is to consider
also alternatives like the low-growth strategy defended for instance by Tim Jackson [Jackson, 2009]
and The Club of Rome [Meadows et al., 2004].

7. Low Growth

The principle of a low growth public policy is to foster a structural shifting of the economy composi-
tion towards activities which have low (or even zero) carbon intensity. Such activities are by nature
labour intensive and far less subject to productivity growth (see e.g. [Jackson and Victor, 2011]).
The simplest case is to consider an economy with two sectors:

1) A conventional sector with accounting identity

Ycs = wcsLcs + rcsKcs. (26)

The conventional sector is endowed with the dynamics, the parameter values and the initial condi-
tions of the benchmark model of Section 4. The conventional sector output is taken as numeraire
for the global economy.

2) An “ecological” sector of activities having zero carbon intensity and a constant labour produc-
tivity, with an accounting identity

πYes = wesLes + resKes, (27)

where π is the relative price of the ecological sector output.

Along an economic equilibrium path, the factor markets are competitive and therefore the remu-
neration of the factors are equal in the two sectors:

wcs(t) = wes(t) = w(t), rcs(t) = res(t) = r(t) ∀t.

The labour shares in the sectorial added values are denoted :

α =
wLcs

Ycs
, β =

wLes

πYes
.

Since the conventional sector is supposed to be a replica of the benchmark model, we assume that
the labour productivity A increases exponentially with a constant growth rate γ and that the
labour share α in added value follows the dynamics of equation (12). In contrast, in the ecological
sector, the labour productivity B = Yes/Les is supposed to be constant and smaller than A. As in
the previous sections, a balanced path is defined as the special case where the output-capital ratio
is constant in both sectors:

Ycs
Kcs

= c,
πYes
Kes

= c
1− α

1− β
= constant.

It follows that, along a balanced trajectory, the labour shares α and β in the two sectors must
satisfy the following differential equality:

1

1− β

dβ

dt
=

1

1− α

dα

dt
.

In this economy, the CO2 emissions are proportional to Ycs only:

E(t) = h(t)Ycs(t) (28)

with the carbon intensity function h(t) given by (14).

12



The strategy for the transition to a sustainable economy is a sectorial shift to activities with zero
CO2 emissions. Hereafter we present a simulation of a low-growth scenario that produces, along
time, the same CO2 emissions as the green growth scenario of the previous section. Therefore
the emission profile E(t) of Fig.11 which has been computed in the green growth scenario is a
reference Eref which is used, in the simulation, as an exogenous driving variable to compute Ycs(t)
from equation (28).

The balanced path is the solution of the following set of differential and algebraic equations:

dL

dt
= µL,

dα

dt
= −aα, dβ

dt
= −aα1− β

1− α

dh

dt
= −εh, dA

dt
= γA,

Ycs =
Eref

h
, Kcs =

Ycs
c
, Lcs = AYcs, r = (1− α)c, w = αA,

Les = L− Lcs, π =
αA

βB
, Yes =

wLes

πβ
, Kes =

πYes − wLes

r
.

The constant labour productivity in the ecological sector is set to B = 0.054, i.e. 20% lower than
the initial productivity in the conventional sector. The initial labour share in added value in the
ecological sector is set to β(0) = 0.8 in order to have a unit initial relative price π(0) = 1. This
means that the ecological sector is more labour intensive than the conventional sector by about 10
%. All the other constant parameters needed for the simulation have been given previously (see
Table 2).

2000 31,4 0,0 64,21 31,4629 12,55 0,01100 0,670 495 0 0,400 12,55 495
2010 41,4 0,0 84,49 41,4001 13,39 0,01000 0,630 562 0 0,376 13,39 562
2020 55,7 0,000 109,63 53,7187 14,13 0,00870 0,593 532 85 0,354 14,06 617
2030 66,9 2,868 139,65 68,4285 14,68 0,00700 0,558 445 220 0,333 14,29 665
2040 77,3 7,995 174,45 85,4805 14,98 0,00500 0,525 362 338 0,313 13,80 700
2050 87,2 14,685 213,72 104,7228 14,99 0,00310 0,494 286 436 0,295 12,60 722
2060 94,3 24,338 257,66 126,2534 14,73 0,00150 0,464 221 512 0,277 10,89 733
2070 97,9 37,549 307,78 150,8122 14,30 0,00054 0,437 164 573 0,261 9,01 737
2080 96,7 55,620 365,92 179,3008 13,79 0,00027 0,411 118 621 0,245 7,21 739
2090 93,1 76,940 434,16 212,7384 13,28 0,00013 0,387 82 658 0,231 5,63 740
2100 88,6 100,839 514,74 252,2226 12,77 0,00004 0,364 57 684 0,217 4,34 741

Low growth Low growth Low growth BaU BaU BaU Total Labour Bau Low growth Low growth CO2 intensity CO2 emissions Labour Labour
Y total Conventional Ecological Capital GDP Emissions growth alpha Conventional Ecological OECD Productivity

sector sector rate Labour Labour green growth Conventional
YCS pi*YES

50

100

150

200

250

2000 2020 2040 2060 2080 2100

T 
US

 $

Conventional sector
Ecological sector

75

150

225

300

2000 2020 2040 2060 2080 2100

GDP

5

10

15

20

25

2000 2020 2040 2060 2080 2100

CO2 Emissions

Fig.14: GDP for the low growth scenario (The dashed line is the green
growth GDP trajectory).

2000 6 1,10 495,00 495 0 12,00 12,55 2,59 11,41
2020 7,5 1,37 617,63 605 10 20,03 14,06 3,27 10,24
2040 8,5 1,56 699,98 344 356 20,94 13,80 3,05 8,87
2060 8,9 1,63 732,92 208 525 20,94 10,89 2,88 6,69
2080 8,98 1,64 739,50 102 637 20,94 7,21 2,86 4,39
2100 9 1,65 741,15 45 696 20,94 4,34 2,85 2,64

World population OECD OECD Low Growth Low Growth CO2 Emissions CO2 Emissions
Population Employment Employment Employment non-OECD OECD

Conventional Ecological

2000 495 0 495
2010 562 0 562
2020 610 7 617
2030 629 36 665
2040 613 87 700
2050 583 139 722
2060 533 200 733
2070 467 270 737
2080 389 350 739
2090 316 424 740
2100 253 488 741
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The model is initialized in 2000 with the values of Table 3 for the conventional sector and with
zero initial conditions for the ecological sector. The new low-growth policy is activated in 2014.
The government strategy to foster the transition is to tax the conventional production (using e.g.
carbon taxes) and subsidize the ecological sector in order to equalize the market price between
the two sectors. The result of the simulation experiment is illustrated in Fig.14 and Fig.15. Nat-
urally, in this case, a balanced economy means that capital and output vary at the same rate
within each sector, but at different rates between the sectors because of the reallocation of labor
and capital as illustrated in these figures. As expected, in this scenario, the economic growth in
the conventional sector is drastically reduced (with even a small de-growth from 2060) and only
partially compensated by the expansion of the ecological sector. This results in a global economic
growth slowned down as compared to the green growth scenario. Fig.15 illustrates quantitatively
the labour reallocation which is needed.

8. Modelling the limitation of material resources

So far we have implicitly assumed that the material resources needed for the production are not lim-
iting. In a sustainable economy it is however an evidence that the material resources, even renew-
able, are limited. By “renewable resources”, we mean either biotic resources that are biodegradable
and naturally regenerated by the environment or a-biotic resources (such as minerals and metals)
that are depletable but can be industrially recycled (see e.g. [Fagnart and Germain, 2011] and the
references therein).

We denote Fa the flow of a-biotic material incorporated in the consumption goods and the physical
capital:

Fa = maY. (29)

In this expression, ma represents the a-biotic material intensity, i.e. the average amount of a-biotic
material embodied in one unit of output production.

Similarly, we denote Fb the flow of incorporated biotic material:

Fb = mbY (30)

with mb the biotic material intensity.

The balance of renewable biotic material resources is described by the equation

dMn

dt
= Fn − Fb

where Mn is the stock of biodegradable resources available for production and Fn is the rate of
natural regeneration. Using the vocabulary of the Global Footprint Network (GFN), the flows Fb

and Fn may also be interpreted as being proportional to the “ecological footprint” (EF) and the
“biocapacity” (BC), see [Ewing et al., 2010] and Table 1 for OECD values.

The time evolution of a-biotic and biotic material intensities in OECD are shown in Fig.16. From
these data, it can be computed that the decay rates of both ma and mb are quasi-identical with
an average value (sometimes called “dematerialization” rate)

σ =
−1

ma

dma

dt
=

−1

mb

dmb

dt
≈ 0.021 (31)

which is remarkably close to the decay rate ε ≈ 0.021 of CO2 intensity.

Moreover, a part of the a-biotic material embodied in production is supposed to be recycled at the
rate:

R = (1− υ)maY
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1990 2008 Units

Ecological Footprint 6229 million gha

Biocapacity 3507 million gha

Ecological Footprint per capita ↗ 5.02 5.12 gha per person

Biocapacity per capita ↘ 3.23 2.88 gha per person

Deficit of biocapacity per capita ↗ 1.79 2.24 gha per person

Table 1: OECD ecological footprint and biocapacity. Approximate values
computed from the empirical data of the Ecological Footprint Atlas
2012

Australie Autriche Belgique Canada Chili République 
tchèque

Danemark Estonie Finlande France Allemagne Grèce Hongrie Islande Irlande Israël Italie Japon Corée Luxem
bourg

Mexique Pays-
Bas

Nouvelle-
Zélande

Norvège Pologne Portugal République 
slovaque

Slovénie Espagne Suède Suisse Turquie Royaume-
Uni

États-
Unis

OCDE 
Total

Australie Autriche Belgique Canada Chili République 
tchèque

Danemark Estonie Finlande France Allemagne Grèce Hongrie Islande Irlande Israël Italie Japon Corée Luxem
bourg

Mexique Pays-
Bas

Nouvelle-
Zélande

Norvège Pologne Portugal République 
slovaque

Slovénie Espagne Suède Suisse Turquie Royaume-
Uni

États-
Unis

OCDE 
Total

                                                                      
1995 2,2 10,2 19,2 7,8 0,6 10,4 28,7 -26,0 6,8 28,4 28,9 18,3 61,0 38,5 2,8 11,4 23,9 13,6 15,8 7,7 12,1 12,5 8,1 12,6 7,8 27,0 29,0 32,0 14,1 17,0 38,3 20,0 29,3 14,8 12,7 0,079
1996 2,0 10,5 24,5 8,0 0,5 10,4 27,6 -29,9 6,7 31,9 29,9 87,0 34,2 21,5 2,5 15,4 31,1 14,4 15,4 9,5 10,9 21,1 8,2 12,4 8,8 27,1 16,5 38,0 17,6 26,3 41,8 17,6 29,4 14,9 12,7 0,079
1997 2,0 10,6 33,5 8,6 0,5 10,8 29,5 -59,1 6,8 31,4 30,2 79,8 61,7 29,5 2,5 16,7 30,7 13,9 13,0 12,5 9,9 21,4 8,4 11,9 10,6 20,3 16,3 42,8 16,5 27,8 44,0 18,2 31,3 15,1 12,6 0,079
1998 1,9 12,4 28,0 8,2 0,5 10,8 29,4 -268,4 6,8 30,2 27,4 36,9 51,8 13,4 2,3 22,2 24,6 14,3 19,5 11,6 10,1 22,2 9,0 12,4 6,1 18,8 31,3 27,0 17,6 26,0 40,7 18,2 31,8 15,2 12,3 0,081
1999 1,9 12,6 28,6 10,0 0,4 14,1 26,6 -459,9 7,1 31,3 29,9 39,2 43,1 12,8 2,0 20,7 33,2 14,7 18,5 11,4 9,9 24,6 8,7 15,0 3,1 16,9 24,7 25,1 21,0 30,5 41,6 19,9 35,2 16,8 12,3 0,081
2000 1,8 13,7 66,3 9,7 0,4 12,9 34,3 163,5 7,3 30,2 27,8 24,9 11,8 12,5 1,9 26,3 32,9 13,9 18,3 49,0 8,8 28,9 7,8 13,8 7,3 15,9 20,1 19,4 15,6 26,5 42,1 20,6 43,9 18,1 12,5 0,080
2001 1,7 12,3 64,1 9,7 0,4 12,2 35,2 179,6 7,5 33,5 33,7 23,1 9,9 12,7 1,8 25,6 33,3 14,5 17,1 17,7 8,9 26,4 8,6 14,9 7,8 18,2 23,2 14,0 14,7 46,1 43,2 32,5 40,9 19,6 12,8 0,078
2002 1,8 12,1 85,5 10,4 0,4 14,4 47,8 50,0 7,8 35,5 34,6 18,7 11,6 11,5 1,9 27,1 34,0 17,4 17,4 60,7 9,9 29,4 8,1 15,8 8,1 20,5 22,8 15,2 15,0 44,2 47,9 37,2 41,8 21,7 13,7 0,073
2003 1,9 12,7 77,9 11,1 0,4 12,6 50,3 29,1 7,4 34,8 35,4 17,3 13,1 11,1 1,8 43,1 35,2 17,8 17,4 56,6 11,7 34,4 8,9 15,2 8,6 23,4 20,5 14,8 13,8 37,5 51,1 21,3 44,6 22,5 13,7 0,073
2004 2,0 13,7 87,6 11,3 0,4 11,7 34,5 20,0 7,1 34,1 32,6 18,3 14,5 10,4 1,9 84,0 32,3 20,0 17,2 93,1 9,7 33,9 8,1 14,4 8,1 26,9 18,5 14,6 14,3 41,8 43,8 25,8 44,4 22,2 13,6 0,074
2005 1,9 13,0 151,0 12,6 0,4 14,1 32,0 117,2 7,3 35,9 35,1 21,6 12,3 10,8 1,8 39,8 33,6 21,8 19,2 317,8 11,3 35,4 7,5 14,5 9,5 36,9 19,7 15,9 15,5 42,9 42,7 26,1 48,3 22,1 14,0 0,071
2006 2,0 11,1 19,9 13,2 0,4 13,5 32,8 65,0 7,4 35,9 35,3 20,4 17,1 7,8 1,7 39,5 32,0 22,4 20,7 50,3 12,0 34,8 7,7 16,2 9,1 30,7 20,8 14,2 14,1 47,4 43,4 19,5 49,6 22,9 14,1 0,071
2007 2,1 10,9 21,4 15,1 0,4 16,1 28,4 175,5 7,8 34,2 36,9 19,8 16,9 8,8 1,6 40,1 32,2 23,3 14,9 74,8 12,5 31,1 8,6 16,2 8,9 39,1 42,0 14,1 15,0 37,2 46,1 16,8 46,8 24,6 14,2 0,070
2008 2,1 18,2 47,2 15,3 0,4 19,7 30,0 -30,5 15,1 44,7 42,0 21,8 95,8 6,6 1,6 60,0 33,9 22,4 18,8 27,0 13,2 26,0 8,4 16,3 12,8 444,2 22,8 33,7 20,7 35,9 45,0 20,5 46,9 24,9 15,0 0,067

CountryCountry Australia Austria Belgium Canada Chile Czech 
Republic

Denmark Estonia Finland France Germany Greece Hungary Iceland Ireland Israel Italy Japan Korea Luxem
bourg

Mexico Netherla
nds

New 
Zealand

Norway Poland Portugal Slovak 
Republic

Slovenia Spain Sweden Switzerla
nd

Turkey United 
Kingdom

United 
States

OECD 
Total

CountryCountry Australia Austria Belgium Canada Chile Czech 
Republic

Denmark Estonia Finland France Germany Greece Hungary Iceland Ireland Israel Italy Japan Korea Luxem
bourg

Mexico Netherla
nds

New 
Zealand

Norway Poland Portugal Slovak 
Republic

Slovenia Spain Sweden Switzerla
nd

Turkey United 
Kingdom

United 
States

OECD 
Total

CountryCountry

                                                                      
Year
1998 1,9 6,5 6,0 4,5 2,7 5,3 4,3 5,1 4,7 6,8 9,9 5,3 5,0 3,3 2,2 11,3 9,0 19,4 10,2 13,7 2,8 11,7 1,2 9,5 2,2 6,2 4,3 6,2 5,8 4,9 12,1 2,7 8,0 6,1 6,1 0,164 0,245 0,081
1999 2,0 6,5 5,5 4,6 2,7 5,7 4,6 5,4 4,7 6,9 10,2 5,3 5,0 3,5 2,5 11,7 9,0 18,9 10,4 11,0 2,9 10,2 1,3 10,3 2,5 6,2 4,8 6,4 6,3 5,2 12,8 2,8 8,2 6,5 6,3 0,159 0,240 0,081
2000 2,0 7,2 6,1 4,9 2,7 6,1 4,5 7,5 4,8 7,0 10,4 6,7 6,0 3,3 2,8 11,7 9,7 19,4 11,2 14,1 3,0 10,8 1,3 9,4 2,5 6,3 4,4 7,1 6,9 4,9 12,1 2,9 8,6 6,7 6,5 0,154 0,234 0,080
2001 2,1 7,2 6,4 5,5 2,9 5,7 4,6 5,5 4,7 7,8 10,9 7,3 4,9 3,5 3,0 11,7 10,4 20,3 11,6 15,2 2,9 10,7 1,3 9,6 2,8 6,9 3,8 6,1 7,8 5,2 14,1 3,1 8,8 7,0 6,8 0,147 0,225 0,078
2002 2,5 7,2 6,1 5,7 2,8 6,8 4,9 8,4 4,6 7,3 11,2 7,3 6,0 3,4 3,2 13,3 9,9 18,1 12,3 17,4 3,0 11,4 1,3 10,0 2,9 7,0 4,0 5,7 7,5 5,0 13,5 3,1 8,7 7,4 7,0 0,143 0,216 0,073
2003 2,1 6,9 6,6 5,3 2,9 8,9 4,7 6,5 4,7 9,4 12,5 7,6 7,2 3,6 3,4 12,0 11,1 19,4 13,0 20,7 2,9 11,7 1,4 10,0 3,2 7,3 4,7 6,2 7,8 5,2 13,8 3,3 9,2 7,2 7,1 0,141 0,214 0,073
2004 2,3 6,2 6,6 5,1 2,9 7,3 5,0 5,0 4,9 7,3 10,3 8,0 4,6 4,4 3,5 12,4 9,7 19,6 13,1 16,9 3,0 12,1 1,5 10,0 2,9 6,9 3,8 5,4 7,9 5,2 13,6 3,5 9,3 6,9 6,8 0,147 0,221 0,074
2005 2,3 6,4 6,9 5,0 3,1 8,5 5,0 6,5 4,5 8,3 11,0 8,3 5,4 4,6 3,8 15,0 9,8 22,2 13,9 19,9 3,2 12,1 1,6 10,3 3,2 7,4 4,0 5,8 8,8 4,3 13,9 3,6 9,9 7,3 7,2 0,139 0,210 0,071
2006 2,7 5,9 7,4 5,5 3,2 9,5 5,5 7,0 5,4 8,5 11,7 8,7 6,8 5,5 4,3 14,1 10,5 21,7 14,1 20,7 3,2 13,1 1,6 11,7 3,6 7,7 5,0 7,0 8,9 7,0 15,1 3,9 10,1 7,8 7,6 0,132 0,203 0,071
2007 2,7 6,4 7,2 5,9 3,5 9,8 5,5 5,2 5,3 7,9 10,5 9,3 10,0 5,4 4,6 15,4 11,6 23,2 15,0 19,0 3,3 13,3 1,7 11,3 3,3 7,3 5,4 7,3 8,9 5,8 14,3 4,2 10,4 7,5 7,6 0,132 0,202 0,070
2008 2,7 6,4 7,8 5,5 3,5 11,1 4,6 8,0 5,1 7,0 10,6 11,4 6,6 6,2 3,5 16,6 11,1 23,8 14,6 22,9 3,3 12,6 1,7 12,2 3,6 9,2 7,9 7,9 9,6 6,5 14,7 3,9 8,8 8,2 7,7 0,130 0,197 0,067

2000 0,1540 0,080 64,21 31,4629 4,85 2,52 7,3623186
2010 0,1248 0,065 84,49 41,4001 5,17 2,68 7,850749353
2020 0,1012 0,053 109,63 53,7187 5,44 2,82 8,26040124
2030 0,0820 0,043 139,65 68,4285 5,61 2,91 8,526013364
2040 0,0665 0,035 174,45 85,4805 5,68 2,95 8,637415977
2050 0,0539 0,028 213,72 104,7228 5,64 2,93 8,57679732
2060 0,0437 0,023 257,66 126,2534 5,52 2,87 8,383389725
2070 0,0354 0,018 307,78 150,8122 5,34 2,77 8,11212948
2080 0,0287 0,015 365,92 179,3008 5,15 2,67 7,819144887
2090 0,0233 0,012 434,16 212,7384 4,96 2,57 7,531768211
2100 0,0189 0,010 514,74 252,2226 4,77 2,48 7,243374485
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Fig.16: Material intensities in OECD from 1998 to 2008. The dots are
empirical data from stat.oecd.org

where 1 − υ is the material fraction which is recycled and υ is the material fraction which is
discarded as wastes. The evolution of the recycled fraction 1− υ of municipal wastes in OECD is
given in Fig.17. From these data, we can compute a waste discarding decay rate

ρ =
−1

υ

dυ

dt
≈ 0.0095. (32)
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Fig.17: Recycling rate of municipal wastes in OECD from 1998 to 2008.
The dots are empirical data from stat.oecd.org

Business as usual

The “business as usual” balanced path that we have presented in Section 4 is a solution of equations
(16) and (17). Along this path, the trajectories of GDP and CO2 emissions have been illustrated

15



in Fig.9. Assuming that the dematerialization continues to decrease at the same rate for another
century, the trajectories of the material flows Fa and Fb along the balanced path are given in Fig.18.
Exactly as for CO2, the efficiency of the current dematerialization trend (about 2% per year) is
unfortunately not sufficient to achieve sustainability: the decoupling is relative but not absolute.
The evolution of Fig.18 is clearly not acceptable because of an insufficient decrease of both the
exploitation of depletable resources (here represented by Fa) and of the ecological footprint (here
represented by Fb).
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1995 2,2 10,2 19,2 7,8 0,6 10,4 28,7 -26,0 6,8 28,4 28,9 18,3 61,0 38,5 2,8 11,4 23,9 13,6 15,8 7,7 12,1 12,5 8,1 12,6 7,8 27,0 29,0 32,0 14,1 17,0 38,3 20,0 29,3 14,8 12,7 0,079
1996 2,0 10,5 24,5 8,0 0,5 10,4 27,6 -29,9 6,7 31,9 29,9 87,0 34,2 21,5 2,5 15,4 31,1 14,4 15,4 9,5 10,9 21,1 8,2 12,4 8,8 27,1 16,5 38,0 17,6 26,3 41,8 17,6 29,4 14,9 12,7 0,079
1997 2,0 10,6 33,5 8,6 0,5 10,8 29,5 -59,1 6,8 31,4 30,2 79,8 61,7 29,5 2,5 16,7 30,7 13,9 13,0 12,5 9,9 21,4 8,4 11,9 10,6 20,3 16,3 42,8 16,5 27,8 44,0 18,2 31,3 15,1 12,6 0,079
1998 1,9 12,4 28,0 8,2 0,5 10,8 29,4 -268,4 6,8 30,2 27,4 36,9 51,8 13,4 2,3 22,2 24,6 14,3 19,5 11,6 10,1 22,2 9,0 12,4 6,1 18,8 31,3 27,0 17,6 26,0 40,7 18,2 31,8 15,2 12,3 0,081
1999 1,9 12,6 28,6 10,0 0,4 14,1 26,6 -459,9 7,1 31,3 29,9 39,2 43,1 12,8 2,0 20,7 33,2 14,7 18,5 11,4 9,9 24,6 8,7 15,0 3,1 16,9 24,7 25,1 21,0 30,5 41,6 19,9 35,2 16,8 12,3 0,081
2000 1,8 13,7 66,3 9,7 0,4 12,9 34,3 163,5 7,3 30,2 27,8 24,9 11,8 12,5 1,9 26,3 32,9 13,9 18,3 49,0 8,8 28,9 7,8 13,8 7,3 15,9 20,1 19,4 15,6 26,5 42,1 20,6 43,9 18,1 12,5 0,080
2001 1,7 12,3 64,1 9,7 0,4 12,2 35,2 179,6 7,5 33,5 33,7 23,1 9,9 12,7 1,8 25,6 33,3 14,5 17,1 17,7 8,9 26,4 8,6 14,9 7,8 18,2 23,2 14,0 14,7 46,1 43,2 32,5 40,9 19,6 12,8 0,078
2002 1,8 12,1 85,5 10,4 0,4 14,4 47,8 50,0 7,8 35,5 34,6 18,7 11,6 11,5 1,9 27,1 34,0 17,4 17,4 60,7 9,9 29,4 8,1 15,8 8,1 20,5 22,8 15,2 15,0 44,2 47,9 37,2 41,8 21,7 13,7 0,073
2003 1,9 12,7 77,9 11,1 0,4 12,6 50,3 29,1 7,4 34,8 35,4 17,3 13,1 11,1 1,8 43,1 35,2 17,8 17,4 56,6 11,7 34,4 8,9 15,2 8,6 23,4 20,5 14,8 13,8 37,5 51,1 21,3 44,6 22,5 13,7 0,073
2004 2,0 13,7 87,6 11,3 0,4 11,7 34,5 20,0 7,1 34,1 32,6 18,3 14,5 10,4 1,9 84,0 32,3 20,0 17,2 93,1 9,7 33,9 8,1 14,4 8,1 26,9 18,5 14,6 14,3 41,8 43,8 25,8 44,4 22,2 13,6 0,074
2005 1,9 13,0 151,0 12,6 0,4 14,1 32,0 117,2 7,3 35,9 35,1 21,6 12,3 10,8 1,8 39,8 33,6 21,8 19,2 317,8 11,3 35,4 7,5 14,5 9,5 36,9 19,7 15,9 15,5 42,9 42,7 26,1 48,3 22,1 14,0 0,071
2006 2,0 11,1 19,9 13,2 0,4 13,5 32,8 65,0 7,4 35,9 35,3 20,4 17,1 7,8 1,7 39,5 32,0 22,4 20,7 50,3 12,0 34,8 7,7 16,2 9,1 30,7 20,8 14,2 14,1 47,4 43,4 19,5 49,6 22,9 14,1 0,071
2007 2,1 10,9 21,4 15,1 0,4 16,1 28,4 175,5 7,8 34,2 36,9 19,8 16,9 8,8 1,6 40,1 32,2 23,3 14,9 74,8 12,5 31,1 8,6 16,2 8,9 39,1 42,0 14,1 15,0 37,2 46,1 16,8 46,8 24,6 14,2 0,070
2008 2,1 18,2 47,2 15,3 0,4 19,7 30,0 -30,5 15,1 44,7 42,0 21,8 95,8 6,6 1,6 60,0 33,9 22,4 18,8 27,0 13,2 26,0 8,4 16,3 12,8 444,2 22,8 33,7 20,7 35,9 45,0 20,5 46,9 24,9 15,0 0,067

CountryCountry Australia Austria Belgium Canada Chile Czech 
Republic

Denmark Estonia Finland France Germany Greece Hungary Iceland Ireland Israel Italy Japan Korea Luxem
bourg

Mexico Netherla
nds

New 
Zealand

Norway Poland Portugal Slovak 
Republic

Slovenia Spain Sweden Switzerla
nd

Turkey United 
Kingdom

United 
States

OECD 
Total

CountryCountry Australia Austria Belgium Canada Chile Czech 
Republic

Denmark Estonia Finland France Germany Greece Hungary Iceland Ireland Israel Italy Japan Korea Luxem
bourg

Mexico Netherla
nds

New 
Zealand

Norway Poland Portugal Slovak 
Republic

Slovenia Spain Sweden Switzerla
nd

Turkey United 
Kingdom

United 
States

OECD 
Total

CountryCountry

                                                                      
Year
1998 1,9 6,5 6,0 4,5 2,7 5,3 4,3 5,1 4,7 6,8 9,9 5,3 5,0 3,3 2,2 11,3 9,0 19,4 10,2 13,7 2,8 11,7 1,2 9,5 2,2 6,2 4,3 6,2 5,8 4,9 12,1 2,7 8,0 6,1 6,1 0,164 0,245 0,081
1999 2,0 6,5 5,5 4,6 2,7 5,7 4,6 5,4 4,7 6,9 10,2 5,3 5,0 3,5 2,5 11,7 9,0 18,9 10,4 11,0 2,9 10,2 1,3 10,3 2,5 6,2 4,8 6,4 6,3 5,2 12,8 2,8 8,2 6,5 6,3 0,159 0,240 0,081
2000 2,0 7,2 6,1 4,9 2,7 6,1 4,5 7,5 4,8 7,0 10,4 6,7 6,0 3,3 2,8 11,7 9,7 19,4 11,2 14,1 3,0 10,8 1,3 9,4 2,5 6,3 4,4 7,1 6,9 4,9 12,1 2,9 8,6 6,7 6,5 0,154 0,234 0,080
2001 2,1 7,2 6,4 5,5 2,9 5,7 4,6 5,5 4,7 7,8 10,9 7,3 4,9 3,5 3,0 11,7 10,4 20,3 11,6 15,2 2,9 10,7 1,3 9,6 2,8 6,9 3,8 6,1 7,8 5,2 14,1 3,1 8,8 7,0 6,8 0,147 0,225 0,078
2002 2,5 7,2 6,1 5,7 2,8 6,8 4,9 8,4 4,6 7,3 11,2 7,3 6,0 3,4 3,2 13,3 9,9 18,1 12,3 17,4 3,0 11,4 1,3 10,0 2,9 7,0 4,0 5,7 7,5 5,0 13,5 3,1 8,7 7,4 7,0 0,143 0,216 0,073
2003 2,1 6,9 6,6 5,3 2,9 8,9 4,7 6,5 4,7 9,4 12,5 7,6 7,2 3,6 3,4 12,0 11,1 19,4 13,0 20,7 2,9 11,7 1,4 10,0 3,2 7,3 4,7 6,2 7,8 5,2 13,8 3,3 9,2 7,2 7,1 0,141 0,214 0,073
2004 2,3 6,2 6,6 5,1 2,9 7,3 5,0 5,0 4,9 7,3 10,3 8,0 4,6 4,4 3,5 12,4 9,7 19,6 13,1 16,9 3,0 12,1 1,5 10,0 2,9 6,9 3,8 5,4 7,9 5,2 13,6 3,5 9,3 6,9 6,8 0,147 0,221 0,074
2005 2,3 6,4 6,9 5,0 3,1 8,5 5,0 6,5 4,5 8,3 11,0 8,3 5,4 4,6 3,8 15,0 9,8 22,2 13,9 19,9 3,2 12,1 1,6 10,3 3,2 7,4 4,0 5,8 8,8 4,3 13,9 3,6 9,9 7,3 7,2 0,139 0,210 0,071
2006 2,7 5,9 7,4 5,5 3,2 9,5 5,5 7,0 5,4 8,5 11,7 8,7 6,8 5,5 4,3 14,1 10,5 21,7 14,1 20,7 3,2 13,1 1,6 11,7 3,6 7,7 5,0 7,0 8,9 7,0 15,1 3,9 10,1 7,8 7,6 0,132 0,203 0,071
2007 2,7 6,4 7,2 5,9 3,5 9,8 5,5 5,2 5,3 7,9 10,5 9,3 10,0 5,4 4,6 15,4 11,6 23,2 15,0 19,0 3,3 13,3 1,7 11,3 3,3 7,3 5,4 7,3 8,9 5,8 14,3 4,2 10,4 7,5 7,6 0,132 0,202 0,070
2008 2,7 6,4 7,8 5,5 3,5 11,1 4,6 8,0 5,1 7,0 10,6 11,4 6,6 6,2 3,5 16,6 11,1 23,8 14,6 22,9 3,3 12,6 1,7 12,2 3,6 9,2 7,9 7,9 9,6 6,5 14,7 3,9 8,8 8,2 7,7 0,130 0,197 0,067

2000 0,1540 0,080 64,21 31,4629 4,85 2,52 7,3623186
2010 0,1248 0,065 84,49 41,4001 5,17 2,68 7,850749353
2020 0,1012 0,053 109,63 53,7187 5,44 2,82 8,26040124
2030 0,0820 0,043 139,65 68,4285 5,61 2,91 8,526013364
2040 0,0665 0,035 174,45 85,4805 5,68 2,95 8,637415977
2050 0,0539 0,028 213,72 104,7228 5,64 2,93 8,57679732
2060 0,0437 0,023 257,66 126,2534 5,52 2,87 8,383389725
2070 0,0354 0,018 307,78 150,8122 5,34 2,77 8,11212948
2080 0,0287 0,015 365,92 179,3008 5,15 2,67 7,819144887
2090 0,0233 0,012 434,16 212,7384 4,96 2,57 7,531768211
2100 0,0189 0,010 514,74 252,2226 4,77 2,48 7,243374485
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Fig.18: Evolution of material flows along the “business-as-usual” balanced
path

A green-low growth scenario

Our model can be extended in various ways in order to deal with the material resource limitation
in the transition to sustainability. The purpose of this section is to present one possible modeling
option which combines the green growth policy to enhance the recycling of abiotic resources with
a low growth policy for the abatement of the ecological footprint.

We thus now consider an economy with three sectors:

1. A conventional sector as described in Sections 5 and 6.

2. A green technology sector, as described in Section 5, which produces public technical knowl-
edge to enhance both CO2 abatement and recycling of a-biotic materials.

3. An ecological sector as described in Section 6.

Along an economic equilibrium path, the factor markets are competitive and therefore the remu-
neration of the factors are equal in the three sectors:

wcs(t) = wgs(t) = wes(t) = w(t), rcs(t) = rgs(t) = res(t) = r(t) ∀t.

The labour shares in the sectorial added values are denoted:

α =
wLcs

Ycs
=
wLgs

Ygs
, β =

wLes

πYes
.

Regarding the material intensity, it is assumed that the conventional sector follows the current
dematerialization trend with exponentially decaying ma and mb at the rate σ. In contrast it is
assumed that the ecological sector has lower constant a-biotic m′

a and biotic m′
b material intensi-

ties and therefore a lower ecological footprint. For simplicity we assume that the green technology
sector production is totally dematerialized and has negligible CO2 emissions. As we have men-
tioned above, it is also assumed that the public green technical knowledge contributes to enhance
the recycled fraction of a-biotic materials in addition to the abatement of CO2 emissions in the
conventional sector. The model of R is therefore modified as

R = (1− υe−ξH)(maYcs +m′
aYes).
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The parameter ξ is an elasticity coefficient, similar to the CO2 abatement elasticity η of Section 5.

The objective of the transition to a sustainable economy is to reach CO2 emissions lower than
the OECD target E∗ = 4.66 GT/year before 2100 AND to reach the GFN “rapid
reduction target” of a zero biocapacity deficit by 2050.

As in Section 5, the public investment Igs in green technology is assumed to change proportionally
to the excess of CO2 emissions with respect to the target E∗:

dIgs
dt

= θ1(E − E∗). (33)

Moreover, the employment shift from the conventional sector to the ecological sector is represented
by the simple exponential dynamics:

d

dt

(
Lcs

Les

)
= −θ2

(
Lcs

Les

)
.

The balanced path is the solution of the following set of differential and algebraic equations:

dL

dt
= µL,

dα

dt
= −aα, dβ

dt
= −aα1− β

1− α
,

dA

dt
= γA,

w = αA, r = c(1− α).

dLcs

dt
= ψLcs with ψ =

[
−θ2

(
1− Lcs

L− Lgs

)
+

1

L− Lgs

(
µL+ (δ + γ)Lgs −

cIgs
A

)]
,

dE

dt
= (γ + ψ − ε− ηcKgs)E,

dKgs

dt
= −δKgs + Igs,

dIgs
dt

= θ1(E − E∗).

Ygs = cKgs, Lgs =
Ygs
A
, Ycs = ALcs, Kcs =

Ycs
c
, π =

αA

βBL
,

Les = L− Lcs − Lgs, Yes =
wLes

πβ
, Kes =

πYes − wLes

r
.

The model is initialized in 2000 with the values of Table 3 for the conventional sector. The initial
value of the waste discarding fraction υ(0) = 0.818 (see Fig.17). Since the ratio (EF/BC) ≈
1.75 in 2000 (see Table 1), we take the value Fn(0) = Fb(0)/1.75 = 2.75 GT/year for initializing
the biocapacity and we assume that it remains constant. All other initial values for the green
technology sector and the ecological sector are set to zero. The green-growth and low-growth
policies are activated in 2014. The green technology investment is assumed to be twice as less
efficient than in the scenario of Section 5. The elasticity coefficient is therefore set to η = 0.0005.
According to equation (31), the biotic material intensity in the conventional sector should be around
mb ≈ 0.02 in 2100. In the ecological sector the biotic material intensity is lower by assumption
and set to m′

b = 0.015. The parameter values θ1 = 0.005 and θ2 = 0.07 are selected by trial and
error to produce a simulation which achieves the sustainability objective. All the other constant
parameters needed for the simulation have been given previously (see also Table 2). The results of
the simulation experiment are illustrated in Fig.19, Fig.20, Fig.21.

• From Fig. 19, we see that the de-growth of the conventional sector must be stronger in this
scenario in order to reach a zero biocapacity deficit as early as 2060 as shown in Fig.20.

• CO2 abatement is totally parallel to EF reduction since ε = σ and reaches a value of 0.3
T CO2 per capita and per year in the OECD region. Extended to the whole planet, such
value would now produce a scenario closer to the IPCC RCP2.6 scenario which predicts a
temperature increase in the range [+0.3◦C , +1.7◦C] by 2100. This would obviously also
impose a reduction of emissions per capita in the non-OECD region.

• Finally Fig.21 gives the evolution of the recycling rate 1− υe−ξH and the employment allo-
cation to the three sectors.
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2000 31,581 0 0 12,550 4,863 0,150 495 0 0
2010 41,4 0 0 13,248 5,149 0,232 562 0 0
2020 51,374 2,93 0,2688 13,393 5,226 0,301 590 25 3,70
2030 60,275 6,787 1,478 12,619 4,985 0,368 564 83 17,42
2040 65,749 14,239 3,088 10,961 4,455 0,433 517 152 30,57
2050 65,004 27,074 4,763 8,567 3,673 0,497 431 252 38,70
2060 56,854 45,740 6,334 5,891 2,767 0,557 319 372 41,08
2070 43,892 68,310 7,711 3,563 1,9465 0,613 209 489 38,73
2080 30,560 92,263 8,848 1,941 1,351 0,662 123 582 33,43
2090 19,815 116,115 9,725 0,984 0,988 0,705 68 645 26,92
2100 12,311 139,904 10,343 0,480 0,790 0,741 36 684 20,44
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Fig.19: GDP for the green-low growth scenario (The dashed line is the
business-as-usual GDP trajectory).

2000 31,581 0 0 12,550 4,863
2010 41,4 0 0 13,248 5,149
2020 51,315 3,185 0,332 13,393 5,227
2030 59,949 7,426 1,851 12,619 4,988
2040 65,158 15,699 3,850 10,961 4,462
2050 64,365 30,141 5,777 8,567 3,684
2060 56,426 51,586 7,269 5,891 2,784
2070 43,773 78,242 8,124 3,563 1,968
2080 30,657 107,445 8,311 1,941 1,377
2090 19,988 137,425 7,932 0,984 1,017
2100 12,471 168,055 7,141 0,480 0,821
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Fig.20: OECD CO2 emissions (left) and ecological footprint (right) for the
green-low growth scenario.

2000 31,581 0 0 12,550 4,863 0,150 495 0 0
2010 41,4 0 0 13,248 5,149 0,232 562 0 0
2020 51,374 2,93 0,2688 13,393 5,226 0,301 590 25 3,70
2030 60,275 6,787 1,478 12,619 4,985 0,368 564 83 17,42
2040 65,749 14,239 3,088 10,961 4,455 0,433 517 152 30,57
2050 65,004 27,074 4,763 8,567 3,673 0,497 431 252 38,70
2060 56,854 45,740 6,334 5,891 2,767 0,557 319 372 41,08
2070 43,892 68,310 7,711 3,563 1,9465 0,613 209 489 38,73
2080 30,560 92,263 8,848 1,941 1,351 0,662 123 582 33,43
2090 19,815 116,115 9,725 0,984 0,988 0,705 68 645 26,92
2100 12,311 139,904 10,343 0,480 0,790 0,741 36 684 20,44

G-L growth G-L growth G-L growth G-L growth G-L growth G-L growth
Conventional Ecological Green Tech CO2 Emissions EcoFootPrint Recycling rate
sector sector sector E Fb Lcs Les Lgs
YCS pi*YES YGS

50

100

150

200

2000 2020 2040 2060 2080 2100

Graphique 1

T 
US

 $
/Y

ea
r

Conventional Sector
Ecological Sector
Green Technology Sector

5

10

15

2000 2020 2040 2060 2080 2100

Graphique 4

G
T 

/ Y
ea

r

OECD Target

CO2 Emissions

1,5

3

4,5

6

2000 2020 2040 2060 2080 2100

Graphique 5

G
T/

Ye
ar

Biocapacity

Ecological
Footprint

0,2

0,4

0,6

0,8

1

2000 2020 2040 2060 2080 2100

Graphique 6

Recycling
rate

10

100

1000

2000 2020 2040 2060 2080 2100

Graphique 7

M
illi

on
s 

of
 p

eo
pl

e

2000 31,581 0 0 12,550 4,863 0,150 495 0 0
2010 41,4 0 0 13,248 5,149 0,232 562 0 0
2020 51,374 2,93 0,2688 13,393 5,226 0,301 590 25 3,70
2030 60,275 6,787 1,478 12,619 4,985 0,368 564 83 17,42
2040 65,749 14,239 3,088 10,961 4,455 0,433 517 152 30,57
2050 65,004 27,074 4,763 8,567 3,673 0,497 431 252 38,70
2060 56,854 45,740 6,334 5,891 2,767 0,557 319 372 41,08
2070 43,892 68,310 7,711 3,563 1,9465 0,613 209 489 38,73
2080 30,560 92,263 8,848 1,941 1,351 0,662 123 582 33,43
2090 19,815 116,115 9,725 0,984 0,988 0,705 68 645 26,92
2100 12,311 139,904 10,343 0,480 0,790 0,741 36 684 20,44

G-L growth G-L growth G-L growth G-L growth G-L growth G-L growth
Conventional Ecological Green Tech CO2 Emissions EcoFootPrint Recycling rate
sector sector sector E Fb Lcs Les Lgs
YCS pi*YES YGS

50

100

150

200

2000 2020 2040 2060 2080 2100

Graphique 1

T 
US

 $
/Y

ea
r

Conventional Sector
Ecological Sector
Green Technology Sector

5

10

15

2000 2020 2040 2060 2080 2100

Graphique 4

G
T 

/ Y
ea

r

OECD Target

CO2 Emissions

1,5

3

4,5

6

2000 2020 2040 2060 2080 2100

Graphique 5

G
T/

Ye
ar

Biocapacity

Ecological
Footprint

0,2

0,4

0,6

0,8

1

2000 2020 2040 2060 2080 2100

Graphique 6

Recycling
rate

10

100

1000

2000 2020 2040 2060 2080 2100

Graphique 7

M
illi

on
s 

of
 p

eo
pl

e

Fig.21: Left: Recycling rate of a-biotic material. Right: Employment
(black: conventional sector, green: ecological sector, yellow: green
technology sector)

9. Conclusions

This paper gives a contribution to the modelling of the transition to a sustainable economy. Three
different options are investigated : a green growth option that focuses on accelerating the green
technological change, a low growth option that focuses on shifting the structure of the economy
towards zero carbon emission activities and a combined green-low growth option that focuses on
the limitation of material resources and the abatement of the ecological footprint. The main results
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can be summarized as follows:

• With the green growth scenario, the economic trajectory reaches the target of CO2 emis-
sion reduction with a specific public development of massive additional green technologies
representing a cost up to 8% of GDP.

• With the low growth scenario, it is possible to achieve the same objective, within the same
time horizon, without blind faith in technologies, by systematically subsidising a transition
to low carbon and low capital intensive activities, leading to a sectoral shift from the con-
ventional sector (from 100% to 45% of GDP) to the ecological sector (from 0% to 55% of
GDP).

• With the green-low growth scenario, the objective is to jointly reach the CO2 emissions
target before 2100 and to reach the GFN target of a zero biocapacity deficit by 2050. The
simulations show that this objective may be achieved at the price of a substantial de-growth
of the conventional economic sector.

The model, as it has been set up in this paper, represents a rather narrow and limited perspective
regarding the transition to sustainability. Many relevant aspects of the economic impact of global
warming and resource overexploitation are ignored. Moreover the structure of the economy itself
is quite simplified. Important related issues such as social inequalities or international finance
unreliability are not addressed. However, we hope that our parsimonious modelling contributes to
highlight some of the fundamental challenges in terms of economic policy. Moreover as we have
mentioned in the introduction, the model can be easily extended to include more subregions and
economic sub-sectors or explicit fiscal policies. One important issue which has been omitted relies
on the modelling of the mechanisms that underly the public policy and their impact on the econ-
omy dynamics. This issue will be dealt with in a forthcoming paper.

Appendix : Tables of numerical values

Parameter Value Units

Capital depreciation rate δ 0.08 1/year

Labour share decay rate a 0.0061 1/year

Labour productivity growth rate γ 0.017 1/year

Output/Capital ratio c 0.49 1/year

Carbon intensity decay rate ε 0.021 1/year

First atmospheric C02 coefficient κ0 0.16 ppm/GT

Second atmospheric C02 coefficient κ1 0.15 GT/ppm×year

Elasticity of CO2 abatement vs investment (Sect. 5) η 0.001
Elasticity of CO2 abatement vs investment (Sect. 7) η 0.0005

Elasticity of recycling vs investment ξ 0.0005
Material intensity decay rate σ 0.021 1/year

Waste discarding decay rate ρ 0.0095 1/year

θ0 0.0075 US $/kgCO2×year

θ1 0.005 US $/kgCO2×year

θ2 0.07 1/year

Table 2: Contant parameter values used in the simulation experiments
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Variable Value Units

Capital K(0) 64.21 T US dollars

Labour L(0) 495 millions of people

Output rate Y (0) 31.60 T US $/year

Consumption C(0) 24.96 T US $/year

Labour share of conventional sector α(0) 0.67
Labour share of ecological sector β(0) 0.8

Labour productivity A(0) 63.8 103 US $/worker

CO2 Emissions E(0) 12.55 GT CO2/year

CO2 intensity h(0) 0.4 kg CO2/US $

a-Biotic material intensity ma(0) 0.080 kg/US $

Biotic material intensity mb(0) 0.154 kg/US $

Waste discarding fraction υ(0) 0.845

Table 3: Initial conditions for the year 2000 in the simulation experiments
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