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Chapter 10
Exponential Stability of Semi-linear
One-Dimensional Balance Laws

Georges Bastin and Jean-Michel Coron

Abstract Raman amplifiers and plug flow chemical reactors are typical exam-
ples of engineering systems that are conveniently represented by semi-linear one-
dimensional systems of balance laws. The main goal of this chapter is to explain
how a quadratic Lyapunov function can be used to prove the exponential stability of
the steady state for this class of hyperbolic systems.

10.1 Introduction

The Lyapunov method is a well-established tool in stability analysis of dynamical
systems. The principal merit of the method is that the actual solution (whether ana-
Iytical or numerical) of the concerned system is not required. Meanwhile, the main
drawback is that no systematic procedure exists for deriving Lyapunov functions and
Laurent Praly is definitely one of the scientists who made the greatest contributions
to their construction (see e.g., [3, 9—11, 14]). In this chapter, we bring a modest
additional stone to this building. The main goal is to explain how a quadratic Lya-
punov function can be used to prove the exponential stability of the steady state of
semi-linear one-dimensional hyperbolic systems of balance laws. As a motivation,
in the next section, we present some interesting physical examples of such systems.
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2 G. Bastin and J.-M. Coron

10.1.1 Raman Amplifiers

Raman amplifiers are electro-optical devices that are used for compensating the nat-
ural power attenuation of laser signals transmitted along optical fibers in long dis-
tance communications. Their operation is based on the Raman effect which was dis-
covered by [12]. The simplest implementation of Raman amplification in optical
telecommunications is depicted in Fig. 10.1. The transmitted information is encoded
by amplitude modulation of a laser signal with wavelength w,. The signal is provided
by an optical source at the channel input and received by a photo-detector at the out-
put. A pump laser beam with wavelength w), is injected backward in the optical fiber.
If the wavelengths are appropriately selected, the energy of the pump is transferred
to the signal and produces an amplification that counteracts the natural attenuation.
The dynamics of the signal and pump powers along the fiber are represented by the
following system of two balance laws [4]:

0,8 + As<axs +aS— ﬂSSP> =0,
re[0,+00), x€[0.L],  (10.1)
0P = 2,(0.P = a,P = B,PS) =0,

where S(z, x) is the power of the transmitted signal, P(¢, x) is the power of the pump
laser beam, 4, and 4, are the propagation group velocities of the signal and pump
waves respectively, a, and a,, are the attenuation coefficients per unit length, g and
B, are the amplification gains per unit length. All these positive constant parameters
a; and a,, f; and B, 4, and 4, are characteristic of the fiber material and dependent
of the wavelengths w, and w,,.

As the input signal power and the launch pump power can be exogenously

imposed, the boundary conditions are
S(t,0) = Uy, P(t,L) = Uy, (10.2)

with constant inputs U, and Uj.

pump
beam /

input
signal output
S— signal
C >
f —»
0 L

Fig. 10.1 Optical communication with Raman amplification
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10 Exponential Stability of Semi-linear One-Dimensional Balance Laws 3

10.1.2 Plug Flow Chemical Reactors

A plug flow chemical reactor (PFR) is a tubular reactor where a liquid reaction mix-
ture circulates. The reaction proceeds as the reactants travel through the reactor.
Here, we consider the case of an horizontal PFR where a simple monomolecular
reaction takes place

AZ2B.

A is the reactant species and B is the desired product. The reaction is supposed to be
exothermic and a jacket is used to cool the reactor. The cooling fluid flows around the
wall of the tubular reactor. The dynamics of the PFR are described by the following
system of balance laws:

0T, = V0T, —k,(T,~T,) =0,
0T, +V,0.T, + kT, —T,) — k;r(T,,Cy, Cp) = 0,
0,Cy +V,0,Cy + r(T,,C,,Cp) =0,
0,Cy+V,0,Cp — (T, C,,Cg) =0,

(10.3)

where t € [0, +0), x € [0, L], T,(t,x) is the coolant temperature, T,(t, x) is the reac-
tor temperature. The variables C,(¢,x) and Cg(¢, x) denote the concentrations of the
chemicals in the reaction medium. V, is the constant coolant velocity in the jacket,
V. is the constant reactive fluid velocity in the reactor. The function r(7,, C4, Cp)
represents the reaction rate. A typical form of this function is

KT, Cy, Cp) = (aCy — bCp)exp ( - R_T,)’
where a and b are rate constants, E is the activation energy and R is the Boltzmann

constant.
The system is subject to the following constant boundary conditions:

T.(1,0)=T", C,(t,0)=Cy, Cyt,00=0, T.(1,0)=T". (10.4)

10.1.3 Chemotaxis

Chemotaxis refers to the motion of certain living microorganisms (bacteria, slime
molds, leukocytes ...) in response to the concentrations of chemicals. A simple model
for one-dimensional chemotaxis, known as the Kac-Goldstein model, has been pro-
posed in [5] in order to explain the spatial pattern formations in chemosensitive pop-
ulations. Revisited in [6], this model, in its simplest form, is a system of two balance
laws of the form
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4 G. Bastin and J.-M. Coron

0,0" + 700" + ¢lo*,07)0” —0") =0,

_ ~ ~ ~ t€[0,+0), x€[0,L], (10.5)
0,0" —y0.0” + 0,07 )0 —07) =0,

where " denotes the density of right-moving cells and ¢~ the density of left-moving
cells. The function ¢p(¢*, ¢7) is called the “turning function”. The constant parameter
y is the velocity of the cell motion. With the change of coordinates ¢ 2ot40,
g £ y(0" — 07), we have the following alternative equivalent model:

0,0+0.9=0,

06,49 0 4
0,g+7%0,0-2¢(=+=—,-—=)g=0,
/g +r70.0 ¢>(2 272 )a

where o is the total density and ¢ is a flux proportional to the difference of densities
of right and left-moving cells. Remark that we have ¢ = ¢V where

ot —o

VA
yo++o‘

can be interpreted as the average group velocity of the moving cells.
Various possible turning functions are reviewed in [8]. A typical example is

Po*,07)=ao 0" —u,

where a and yu are positive constants.
A special case of interest (see, e.g., [7]) is when the cells are confined in the
domain [0, L]. This situation may be represented by “no-flow boundary conditions”

of the form
q(1,0) = y(0*(,0) — 07(1,0)) = 0,

(10.6)
q(t,L) = y(0*(t,L) — 07 (t,L)) = 0.

10.2 Exponential Stability of Semi-linear Hyperbolic
Systems of Balance Laws

The examples given above are special cases of the general semi-linear hyperbolic
system

Y, + AY, + G(Y) =0, 1 €[0,+), x € [0,L], (10.7)
B(Y(1,0),Y(1,1)) =0, 1€ [0, +c0), (10.8)

where
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10 Exponential Stability of Semi-linear One-Dimensional Balance Laws 5

« tand x are the two independent variables: a time variable ¢ € [0, +00) and a space
variable x € [0, L] over a finite interval,

e Y : [0,+00) X [0,L] — Y isthe vector of state variables, with )V a nonempty con-
nected open subset of R";

o« A€M, (R)is the diagonal matrix defined as
+ AT =diag{ A, ..., 4, },
AR <A 0_> with 4 a (10.9)
0 -4 A™ =diag{dpyps-s Ay} s
where m € [0,n] and 4; > 0 Vi;
e G e C2(Y,R") is the vector of source terms;

e B e C3(YxY,R" is the vector of boundary conditions.

A steady state Y*(x) is a solution of the ordinary differential equation AY? (x) +
G(Y*(x)) = 0 satisfying the boundary condition B (Y*(O), Y*(L)) =0.
We define the following change of coordinates:

Zt,0) 2Ytx) - Y'®), Z=(Z,....Z).

In the Z coordinates, the system (10.7), (10.8) is rewritten

Z,+ AZ, + B(Z,x) = 0, (10.10)
B(Z(1,0) + Y*(0), Z(t, L) + Y*(L)) = 0, (10.11)

where
B(Z.x) 2 [G(Z FY' ) — G(Y*(x))].

Since B(0, x) = 0 by definition of the steady state, it follows that there exists a matrix
M@, x) € M,,,(R) such that (10.10) may be rewritten as

Z, + AZ, + M(Z,0)Z =0, (10.12)

with 0B
M(0,x) = —(0,x).
(0,x) aZ( ,X)

In order to have a well-posed Cauchy problem, a basic requirement is that “at each
boundary point the incoming information Z;, is determined by the outgoing infor-
mation Z_,.” [13, Sect. 3], with the definitions

out
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6 G. Bastin and J.-M. Coron

0 75(1,0) q 0 & Z7*(t,L) (10.13)
NOE an 2 , .
. Z7(t,L) Zou Z-(t,0)
where Z* and Z~ are defined as follows:
Zl Zm+l
Zt =] :], 7" =] :
V4 Z

This means that the system (10.12) is subject to boundary conditions having the form
Z,(t) = H(Zy, (1)), (10.14)

where the map H € C'(R"; R").
Our concern is to analyze the exponential stability of the steady state Z(t, x) =
0 of the system (10.12) under the boundary condition (10.14) and under an initial

condition
20,x) =7Z.,x), x€[0,L]. (10.15)

which satisfies the compatibility condition

Z:(0) Z:(L)
=H . (10.16)
7 (L) Z_(0)
Let us first recall the following theorem on the well-posedness of the Cauchy problem

(10.12), (10.14), (10.15).
Theorem 1 There exists 5, > 0 such that, for every Z,, € H'((0, L); R") satisfying

1Z, 11 71 0.2y < o

and the compatibility condition (10.16), the Cauchy problem (10.12), (10.14), (10.15)
has a unique maximal classical solution

Z € C°([0,7), H'((0,L); R™)) (10.17)

with T € (0, +o0].
Moreover, if
IIZ(z, ')”Hl(((),L);[R") < 6y, VL€ [0,7),

then T = +o0.

A proof of this theorem is easily adapted from [1, Appendix B] by considering
the special case of a constant matrix A which allows to replace H>((0,L); R") by
H'((0,L); R").
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10 Exponential Stability of Semi-linear One-Dimensional Balance Laws 7

The definition of the exponential stability is as follows.

Definition 1 The steady state Z(¢, x) = 0 of the system (10.12), (10.14) is exponen-
tially stable for the H I_norm if there exist § > 0, v > 0 and C > 0 such that, for every
Z, € H'((0,L); R") satisfying ||Z,|| ;1 1.z < 6 and the compatibility conditions
(10.16), the solution Z of the Cauchy problem (10.12), (10.14), (10.15) is defined on
[0, 400) X [0, L] and satisfies

||Z(t, ')”Hl((O,L);[R”) < Ce—w”Zo”H]((O,L);R”)’ vVt e [0, +00) (1018)

Let us now define the matrix K as the linearization of the map H at the steady
state
K 2 H'(0).

We then have the following stability theorem.

Theorem 2 The steady state Z(t,x) = 0 of the system (10.12), (10.14) is exponen-
tially stable for the H'-norm if there exists a map Q satisfying

O(x) £ diag{Q*(x), 0~ (¥},
0*(x) £ diag{q;(¥), ..., ¢, ()}, 0" () £ diag(q,., (). ... 4,0},
q; € C'([0,L];R,) Vi.

such that the following Matrix Inequalities hold:

(i) the matrix

ot (A* 0 0t (0)A+ 0
< 0 Q‘(O)A‘>_KT< 0 Q‘(L)A‘)K (10.19)

is positive semi-definite;

(ii) the matrix
Q' () A + Q)M(0, x) + M' (0, x)0(x)

is positive definite ¥x € [0, L].

10.3 Proof in the Case Wherem =n

For the clarity of the demonstration, we shall first prove the theorem in the spe-
cial case where m = n, which means that the matrix A is the positive diagonal
matrix diag{4,, ..., 4,} with 4, > 0 Vi =1, ..., n. In that case, the boundary condi-
tion (10.14) and the compatibility conditions (10.16) are simply rewritten
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8 G. Bastin and J.-M. Coron

Z.0) = H(Za, D),
Z,00) = H(ZO(L)).
Moreover, condition (i) of Theorem 2 is restated as
(i-bis) the matrix Q(L)A — K" Q(0)AK is positive semi-definite.
For the stability analysis, we adopt the H' Lyapunov function candidate
V2V, +V,

such that

L
V, = / 7" Q(x)Z dx,

0

L
V, = / ZTO()Z, dx,
0

where, by definition, the notation Z, must be understood as

7,2 —AZ - B(Z,x).

(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

Let us remark that by (10.17) V is a continuous function of ¢. In order to prove The-
orem 2, we temporarily assume that Z is of class C2 on [0, T] x [0, L] and therefore
that V is of class C' in [0, T']. Under this assumption (that will be relaxed later on) the
first step of the proof is to compute the following estimates of dV, /dt and dV, /dt.

Estimate of dV, /dt
The time derivative of V; along the solutions of (10.12), (10.20) is!

dv, Y .1
—L1= / 27" Q(x)Z,dx
dt 0

L
R4 / 2ZTQ(x)< — AZ, - B(Z, x))dx.
0

Then, using integrations by parts, we get

dV
d_tl =T + T,

with

IThe notation MT denotes the transpose of the matrix M.

(10.25)
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10 Exponential Stability of Semi-linear One-Dimensional Balance Laws 9

T, A [— ZTQ(x)AZ]z, (10.26)
L
7,8 / 7T Q' (W) AZ — 22T Q)B(Z, x)dx. (10.27)
0
From (10.26), we have
T,, = —Z' (1. LYO(L) AZ(t, L) + Z' (1,0)Q(0) AZ(1, 0). (10.28)

Let us introduce a notation in order to deal with estimates on “higher order terms”.
We denote by O(X; Y), with X > 0 and Y > 0, quantities for which there exist C > 0
and € > 0, independent of Z and Z,, such that

Y <o) = (0X; V)| < CX).
Then from (10.28), using the boundary condition (10.20), we have

Ty = 776,104 - K QO AK| 20, 1) + OUZ(, DI 120, 1)), (1029)
and from (10.27) we have
T, =— /0 ’ ZT[ — Q' WA + M0, %)0() + 0)M(O, x)] Zdx
+(9(/0L|Z|3dx;|Z(t, o) (10.30)

where, for f € C°([0, L]; R"), we denote |f|, = max{|[f(x)|; x € [0,L]}.
Estimate of dV,/dt

By time differentiation of the system equations (10.12), (10.20), Z, can be shown to
satisfy the following hyperbolic dynamics:

Z,+AZ, + g—;(Z,x)Zt 0, (1031)
Z.(1,0) = H'(Z(t, L)Z,(1. L). (10.32)

The time derivative of V, along the solutions of (10.12), (10.20), (10.31),
(10.32) is

v _ LzzT *)(Z,),d
dt _/0 Q) dx
L
_ T _ _9B
_ /0 27] Q(x)( AZ, aZ(Z,x)z,)dx.

Then, using integrations by parts, we get
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10 G. Bastin and J.-M. Coron

dv,
7: =Ty + T (10.33)
with 3
T, A [— ZIQ(x)AZT]O, (10.34)
A L T A/ T 0B
T, 2 / 7O ()AZ, + 27 Q(x)(a—Z(Z, x)z,))dx. (10.35)
0
From (10.34), we have
Ty = =Z1(t, QL) AZ,(t, L) + Z!(1,0)Q(0)AZ,(1, 0). (10.36)

Then, using the boundary condition (10.32), we get

To =27t L) [Q(L)A - KTQ(O)AK] Z,,L)
+ O(Z,(t, L)*|Z(t, L)) |Z(1, L))). (10.37)

Moreover T, is written
L
Ty = — / ZI[ - Q')A+ M (0,)0(x) + Q(x)M(0,x)|Z, dx
0

L
+(9(/ |Z,*|Zldx; | Z(1, )]y)- (10.38)
0

In the next lemma, we shall now use these estimates to show that the Lyapunov
function exponentially decreases along the system trajectories.

Lemma 1 There exist positive real constants a,  and 6 such that, for every Z such
that |Z|, < 6, we have

L L
%/ (|Z|2+|Zx|2>dx<V<ﬂ/ (Z|* + |Z,|»)dx, (10.39)
0 0
dV
— < —aV. 10.40
a = (10-40)

Proof Inequalities (10.39) follow directly from the definition of V and straightfor-
ward estimations.
Let us introduce the following compact matrix notations:

K 2 Q(L)A — K Q(0)AK, (10.41)
L(x) &2 -0 () A + M'(0,)0(x) + Q(x)M(0, x). (10.42)
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10 Exponential Stability of Semi-linear One-Dimensional Balance Laws 11

Then it follows from (10.28), (10.30), (10.37), (10.38) that

% =-Z'(t, DK Z(t,L) - ZI(t, DK Z,(t, L)

+ O(Z(t, L)|(|1Z(t, D)|* + |Z,(t, L)|*); |1Z(z, L))
L
- / (ZTL(x)Z+ZIL(x) Zl>dx
0 L
vou[ (0zPl+ iz, as 2. )
0
(10.43)

Then, by assumption (i-bis) of Theorem 2 and from (10.41), there exists 6, > 0 such
that if |Z(#, L)| < 6, then

-7 (t, DK Z(1,L) — Z; (1, LYX Z,(1, L)

+ O(1Z(t, D|(|Z(t, D)|* + |1Z,(t, L)|*); |Z(t, L)) < 0.
(10.44)

Let us recall the following Sobolev inequality, see, e.g., [2]: for a function ¢ €
C!([0, L]; R™), there exists C; > 0 such that

L
olo < C, / (92 + ¢/ ). (10.45)
0

Moreover, from (10.10) and (10.31), we know also that there exist 6, > Oand C, > 0
such that, if |Z(#,x)| + |Z,(t,x)| < 6,, then

1Z,(1,0)| € G, (121, 0)| + |Z,(1,%)]), (10.46)
1Z,(t.%)] < C,(1Z(t, )| + |Z,(t.)]). (10.47)

Using repeatedly, inequalities (10.45) to (10.47), it follows that there exists 6; > 0
and C; > 0 such that, if |Z(z, .)|, < 65, then

L
O / (UZP1+12,P)1Z1 ) 122.)1o) < G120 1oV (10.48)
0
Using assumption (ii) of Theorem 2, there exists y > 0 such that
L
- / <ZTL(x)Z + 7L Z,)dx < -2V, (10.49)
0

Finally it follows from (10.43), (10.44), (10.48) and (10.49) that, if 6 < min(5,, 65)
is taken sufficiently small, then a > 0 can be selected such that
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12 G. Bastin and J.-M. Coron

dv
i (=2y + GIZ(z, )|p))V < —aV,

for every Z(t, .) such that |Z(t, .)|, < 6. This concludes the proof of Lemma 1.

In this lemma, the estimates (10.39) and (10.40) were obtained under the assump-
tion that Z is of class C2 on [0, 7] x [0, L]. But the selection of @ and # does not
depend on the C?-norm of Z: they depend only on the C°([0, T1; H'((0, L); R"))-
norm of Z. Hence, using a classical density argument (see, e.g., [1, Comment 4.6]),
the estimates (10.39) and (10.40) remain valid in the distribution sense if Z(.,.) is

only of class C'.
Let us now introduce

eémin{i,%}. (10.50)
268 8

Note that f > 1 and therefore that 6 < 6. Using Lemma 1, (10.45) and (10.50), for
every t € [0,T]

5
(IZt )l oymn < €) = <|Z(t, Do < 3 and V() < ﬂez), (10.51)

(1Z(t, )|y < 6 and V < fe?)

)
= <|Z(t, Mo = 5 and [|Z(t, )l g o,0rm < 50) ’
(10.52)
(|Z(t, Mo < 5) = (% < 0) in the distribution sense. (10.53)

Let Z, € H'((0, L); R") satisfy the compatibility condition (10.21) and

||Zo||H1((0,L);R") <e.

Let Z € C°([0, T*), H'((0,L); R™)) be the maximal classical solution the Cauchy
problem (10.12), (10.14), (10.15). Using implications (10.51) to (10.53) for T €
[0, T*), we get that

|Z(t, )1 0.0y < S0» V1 € [0,T%), (10.54)
|Z(t, o + 1Z,(t, )]y < 8, V1 € [0, T*). (10.55)

Using (10.54) and Theorem 1, we have that T = +o0. Using Lemma 1 and (10.55),
we finally obtain that
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10 Exponential Stability of Semi-linear One-Dimensional Balance Laws 13

IZt, N ey < PVD < BV < FNZ I3 0 1y

This concludes the proof of Theorem 2.

10.4 Proof in the Case Where 0 <M < N

In this section, we explain the modifications of the proof that must be used to deal
with the case 0 < m < n. (Of course,the case m = 0 is equivalent to the case m = n
by considering Z(t, L — x) instead of Z(t, x).)

The major difference lies in functions 7}, and 7,,; which are now written as fol-
lows:

. 2+, L)\ [0*(L)A*
="\ z-@0 0 Q(O)A Z-(1,0)

71, 0)\ [0 (0)A* Z+(1,0)
t\z-a.1) 0 O (L)A Z-(t,L))°

o= 7, L) or(LAt 0 Z(t,L)
A Z-(1,0) 0 0~ (WA~ ) \Z(1,0)
+ 7, 0) ot 0)A* 0 7 (t,0)
7 (t,L) 0 O~ (WA~ ) \Z (,L)) "
Using the boundary condition (10.14) and assumption (i) in these equations, it is
then a straightforward exercise to verify that Theorem 2 can be established for the

case 0 < m < n in a manner completely parallel to the one we have followed in the
case m = n.

7+ (1, L))

10.5 Conclusion

The main goal of this chapter was to explain how a quadratic Lyapunov function
can be used to prove the exponential stability of the steady state of semi-linear one-
dimensional hyperbolic systems of balance laws. Further stability results for hyper-
bolic systems of balance laws can be found in the textbook [1].
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