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Smooth optimization on a manifold: what \smooth" meaé
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Smooth optimization on a manifold: what \smooth" means

f 2 Cl(x)?
Yes i
12 CL (" (x)

Chart: U blT//' (U)
Atlas: Collection of \compatible charts" that cover M

Manifold: Set with an atlas
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(Highly Questionable) Summary

To Optimization in R": too easy

ct 72 Optimization on arbitrary sets: too di cult

Optimization on manifolds: just right! <
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(Less Questionable) Summary

Smooth Optimization On Manifolds is a natural generalization of
smooth optimization in R".
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Some important manifolds

Stiefel manifold St(p; n): set of all orthonormal n  p matrices.

Grassmann manifold Grassp; n): set of all p-dimensional
subspaces oR"

Euclidean group SE(3): set of all rotations-translations
Flag manifold, shape manifold obligue manifold...

Several unnamed manifolds
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Why?

Two examples of computational problems that can (should) be
phrased as problems of Optimization On Manifolds:

mechanical vibrations

Independent component analysis (ICA)
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Mechanical vibrations

Sti ness matrix A = AT, mass matrixB = BT 0.

Equation of vibrations (for undamped discretized linear
structures):
Ax = BX

where
= 12,1 angular frequency of vibration
X Is the corresponding mode of vibration.

Task: nd lowest mode of vibration.
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Generalized eigenvalue problem (G‘EP)

Givenn n matricesA = AT andB = BT
n IN R such that

Task: nd 1 and v;.

We assume that 1 <

1

Av; = Bv;

T — :
Vi BVj = jj -

o> (simple eigenvalue).
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GEP: optimization irR"

Av; = Bv;
Cost function: Rayleigh quotient

y' Ay

~ . n . —
PR R = g

Minimizers of = v 1, forall 6 0.
~ The minimizers of f~yield the lowest mode of vibration.

~_ The minimizers are not isolated.
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GEP: optimization irR"

Av; = Bv;

Cost function: Rayleigh quotient
y' Ay
y' By

f:R" 1 R:f(y)=

Minimizers of = v 1, forall 6 0.
~ The minimizers of f~yield the lowest mode of vibration.

~_ The minimizers are not isolated.

Invariance property: f{y )= f{y).
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GEP: optimization irR"

Av; = Bv;
Cost function: Rayleigh quotient

y' Ay
yT By

f:R" 1 R:f(y)=

Minimizers of f= v ¢, forall 60.
~ The minimizers of f~yield the lowest mode of vibration.
~ The minimizers are not isolated.

Invariance property: f{y ) = f{y). Idea: exploit the invariance
property ; Optimization On Manifold.
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GEP: optimization on ellipso

Ty )= 1)

level curves df <
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GEP: optimization on ellipsoid

y' Ay
yT By

f:R" 1 R:f(y)=

Invariance: f{y )= f{y).
Remedy 1.
M :=fy2R":y"By =1g, submanifold of R".
f:M! R:f(y)=y"Ay.
Stationary points of f: wvq;:::; Vn.

Minimizers of f :  v1.
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GEP: optimization on projective space

Ty )= f1y).
- b

- minimizers of™

level curves df” <

N
\
\
\
\

M =1f[y]:y2 R"g
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GEP: optimization on projective space

y' Ay

~ . n . —
R"1 R:f(y) By

Invariance: f{y ) = f{y).
Remedy 2:

Iy] = yR:=fy : 2Rg

M = R"=R = f[y]g

f-M! R:f(y] = f(y)
Stationary points of f: [vi];:::;[Vna].

Minimizer of f: [v4].
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Block algorithm for GEP: optimization on Grassmann maahifol

Goal: compute the p lowest modes simulateously.
R P1I R:f{Y)=trace (Y'BY) 'YTAY
Invariance: f{Y R) = f{Y) for all nonsing. p p matrices R.
IY]=fYR:R2RP Pg; Y2R"P
M = Grass(p;n) = f[Y]g
f:M! R:f(Y]:= f{Y)
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Why?

Two examples of computational problems that can (should) be
phrased as problems of Optimization On Manifolds:

mechanical vibrations

Independent component analysis (ICA)
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Independent Component Analysis (ICA)

Cocktail party problem

adii

Sy(t) x1(t)

o2

Sz(t) Xz(t)
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Independent Component Analysis (I(

A)
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Independent Component Analysis (ICA)

W11
_ > Yi(t)

adii

Sa(t) x1(t)

s 2 Yo(t)
oo W22

So(t) X2(t)
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ICA via Joint Diagonalization (JD)
y(t) = WTx();  x(t) = As(t)
Covariance matrices: Ry( ) := E[u(t+ )u' (t)].
Pick lags 1;:::; n. It holds
Ry( 1) = WTRy( )W
Ry( n) = WTRe( n)W:
Task: SelectW to make Ry( 1);:::;Ry( n) \as diagonal as

possible".
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JD as optimization problem

Notation: C; := Ry( i).

Choose cost function to de ne the \best" joint diagonalization.

X
f{W) := logdetddiag(W "' CiW) logdet(W'C;W) :
=1

Invariance property: f{WD) = f{W) for all nonsingular diagonal
matrix D.

Di culty: The minimizers are not isolated.
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JD as optimization on manifo|d

X
fIW) := log detddiag(W "' CiW) logdet(W'C;W) :
=1

Invariance f{WD) = f{W), hence minimizers not isolated.

Two remedies:

1. Submanifold approach: restrict W to the obligue manifold
OB := fW 2 R" P:ddiag(W'W) = I,g:

2. Quotient manifold approach: work on R" P=D, the set of
equivalence classes¥]:= WD = fWD : D diagonal:
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Steepest-descent IiR"

Level curves df
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Steepest-descent on manifolds { Tangent vec

10)

%): f2ctx 7 %f((t))jt:OZR
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Steepest-descent on manifolds { Tangent sﬁ»ace

.M =f 40): curveinM:; (0)= xg
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Steepest-descent on manifolds { Descent direcﬂions

0)

%0) is a descent direction for f at x if

d .
10)f := g (Mo <0
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Steepest-descent on manifolds { Steepest descent dinectio

10)

De ne inner product h; iy on the tangent spaceTyM . Then
M is a Riemannian manifold.

Length of a tangent vector: k Y0)ky := P h q0); Y0)iy.
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Steepest-descent on manifolds { Steepest descent dinectio

Steepest-descent direction along argmir m - k k=1 T -

The steepest-descent direction is along the opposite of the
gradient of f .
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Steepest-descent on manifolds { Retract

<M

"Rx()

|

d
RX(OX) —_ X, aRx(t ) o
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Steepest-descent on manifolds { Summary

Let M be a Riemannian manifold with a retraction R. Let f
be a cost function onM . Let xg 2 M Dbe the initial iterate.

For k=0:1;::::
1. Compute gradf (xy).

2. Choosexk+1 = Ry, ( tgradf (xx)) wheret> 0 is chosen to
satisfy a \su cient decrease" condition.
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A few pointers

V

Optimization on manifolds in general: Luenberger [Lue73],
Gabay [Gab82], Smith [SmIi93, Smi94], Udrste [Udro4],
Manton [Man02], Mahony and Manton [MMO02], PAA et

al. [ABGO6D]...

Stiefel and Grassmann manifolds: Edelmaret al. [EAS98],
PAA et al. [AMS04]...

Retractions: Shub [Shu86], Adleret al. [ADM ™ 02]...
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Eigenvalue problem: Chen and Amari [CAO1], Lundst®m
and Elden [LEO2], Simoncinin and Elden [SEO02],

Brandts [Bra03], Absil et

al. [AMSV02, AMS04, ASVM04, ABGS05, ABG06a] and
Baker et al. [BAGOG6]

Independent component analysis: Amariet al. [ACCO0Q],
Douglas [Dou00], Rahbar and Reilly [RROO],

Pham [Pha01l1], Joho and Mathis [JM02], Joho and
Rahbar [JR02], Nikpour et al. [NMHO02], Afsari and
Krishnaprasad [AKO4], Nishimori and Akaho [NAO5],
Plumbley [PIu05], PAA and Gallivan [AGO06], Shen et
al. [SHSO06], Haeperet al. [HSS06]...

Pose estimation: Maet al. [MKSO01], Lee and
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Moore [LMO4], Liu et al. [LSGO04], Helmkeet al. [HHLMO7]

Various matrix nearness problems: Trenda lov and
Lippert [TLO2], Grubisic and Pietersz [GPO05]...
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Advertisement # 1: Graduate Schqol

Course

\Optimization algorithms on matrix manifolds"

In the Graduate School on Systems, Optimization, Control and
Networks (2007-2008)

Lecturers: PAA, Rodolphe Sepulchre
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Advertisement # 2: forthcoming boak

\Optimization algorithms on matrix manifolds"

by PAA, R. Mahony and R. Sepulchre, to appear (around
December 2007)

1.

0 N O Ok WD

Introduction

Motivation and applications

Matrix manifolds: rst-order geometry
Line-search algorithms

Matrix manifolds: second-order geometry
Newton's method

Trust-region methods

A constellation of superlinear algorithms
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