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Intro

Smooth optimization in R”

General unconstrained optimization problem in R":
Let
f:R" - R,

The real-valued function f is termed the cost function or objective
function.
Problem: find x, € R" such that there exists € > 0 for which

f(x) > f(x.) whenever ||x — x| < e.

Such a point x, is called a local minimizer of f.



Intro

Smooth optimization in R”

General unconstrained optimization problem in R":
Let
f:R" — R,

The real-valued function f is termed the cost function or objective
function.
Problem: find x, € R" such that there exists a neighborhood N of x,
such that

f(x) > f(x.) whenever x € .

Such a point x, is called a local minimizer of f.



Intro

Smooth optimization beyond R"

? arg minyegn f(x)
» Several optimization techniques require the cost function to be
differentiable to some degree:

» Steepest-descent at x requires Df(x).
» Newton's method at x requires D?f(x).

» Can we go beyond R"” without losing the concept of differentiability?

arg ;2%1” f(x) ~> arg ereuj\rll f(x)



Intro

Smooth optimization on a manifold: what “smooth” means

fe C®(x)?

10



Intro

Smooth optimization on a manifold: what “smooth” means

fe Cx(x)?
Yes iff
fop—1¢e C®p(x))
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Intro

Smooth optimization on a manifold: what “smooth” means




Smooth optimization on a manifold: what “smooth” means

fe C¥(x)?
Yes iff
Fop-1e Cx(p(x)

Chart: Uy %) o(U)

ij.
Atlas: Collection of “compatible chars” that cover M
Manifold: Set with an atlas

Intro
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Intro

Optimization on manifolds in its most abstract formulation

fe C®(x)?
Yes iff
fop—1e C¥(p(x))

Given:

» A set M endowed (explicitly or implicitly) with a manifold structure
(i.e., a collection of compatible charts).

» A function f : M — R, smooth in the sense of the manifold
structure.

Task: Compute a local minimizer of f.
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Intro

Optimization on manifolds: algorithms

Given:

» A set M endowed (explicitly or implicitly) with a manifold structure
(i.e., a collection of compatible charts).

» A function f : M — R, smooth in the sense of the manifold
structure.

Task: Compute a local minimizer of f.

15



Intro

Previous work on Optimization On Manifolds

Luenberger (1973), Introduction to linear and nonlinear programming.
Luenberger mentions the idea of performing line search along geodesics,
“which we would use if it were computationally feasible (which it
definitely is not)”.

16



The purely Riemannian era

Gabay (1982), Minimizing a differentiable function over a differential
manifold. Stepest descent along geodesics; Newton's method along
geodesics; Quasi-Newton methods along geodesics.

Smith (1994), Optimization techniques on Riemannian manifolds.

Levi-Civita connection V; Riemannian exponential; parallel translation.
But Remark 4.9: If Algorithm 4.7 (Newton's iteration on the sphere for
the Rayleigh quotient) is simplified by replacing the exponential update

with the update
Xk + Nk

[k + 1]l

then we obtain the Rayleigh quotient iteration.

Xk+1 =

Intro



The pragmatic era

Manton (2002), Optimization algorithms exploiting unitary constraints
“The present paper breaks with tradition by not moving along
geodesics’. The geodesic update Exp,n is replaced by a projective
update 7(x + 1), the projection of the point x + 7 onto the manifold.

Adler, Dedieu, Shub, et al. (2002), Newton's method on Riemannian
manifolds and a geometric model for the human spine. The exponential
update is relaxed to the general notion of retraction. The geodesic can
be replaced by any (smoothly prescribed) curve tangent to the search
direction.

Intro



Intro

Looking ahead: Newton on abstract manifolds

Required: Riemannian manifold M; retraction R on M; affine
connection V on M; real-valued function f on M.
Iteration xx € M — xx41 € M defined by

1. Solve the Newton equation
Hess f(xk)nk = —grad f(xk)
for the unknown 7, € T, M, where
Hess f(xx)nk = Vi, grad f.

2. Set
Xk41 1= R (Mk)-

19



Intro

Looking ahead: Newton on submanifolds of R”

Required: Riemannian submanifold M of R”; retraction R on M;
real-valued function f on M.
Iteration xx € M — xx41 € M defined by

1. Solve the Newton equation
Hess f(xk)nk = —grad f(xk)
for the unknown 7, € T, M, where
Hess f (xc)nk := Pr, mgrad f(xk).

2. Set
Xk41 1= R (Mk)-
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Intro

Looking ahead: Newton on the unit sphere $"1

Required: real-valued function f on S"1.
lteration xx € M > x4 1 € S"1 defined by

1. Solve the Newton equation

P, D(grad f)(xk)[nk] = —grad f(xk)
XT77k = Oa
for the unknown 7, € R", where
P, = (I — xkx/).
2. Set
X = Xk + Nk
T e+ ]

21



Looking ahead: Newton for Rayleigh quotient optimization on unit
sphere

Ilteration xx € S"" ! — xx11 € S™! defined by
1. Solve the Newton equation
PXkAPXkT’k - nkX[Z—AXk = _PXkAXk7
Xank =0,
for the unknown 7, € R", where
Py =(— XX, ).
2. Set

Xk Mk

Xpp] 1= ————.
- lIxk + 1]l

Intro
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Intro

Programme

» Provide background in differential geometry instrumental for
algorithmic development

» Present manifold versions of some classical optimization algorithms:
steepest-descent, Newton, conjugate gradients, trust-region methods

» Show how to turn these abstract geometric algorithms into practical
implementations

» lllustrate several problems that can be rephrased as optimization
problems on manifolds.



Intro

Some important manifolds

» Stiefel manifold St(p, n): set of all orthonormal n x p matrices.

» Grassmann manifold Grass(p, n): set of all p-dimensional subspaces
of R"

» Euclidean group SE(3): set of all rotations-translations

» Flag manifold, shape manifold, oblique manifold...

» Several unnamed manifolds

24



Overview of application to eigenvalue problem

A manifold-based approach to the
symmetric eigenvalue problem



Overview of application to eigenvalue problem

OPT EVP



Overview of application to eigenvalue problem

OPT EVP

Opt algorithms Algorithms

forf :R" — R for EVP




OPT

Opt algorithms

forf :R" — R

l f = Rayleigh quotient

|

Overview of application to eigenvalue problem

EVP

Algorithms

for EVP




Overview of application to eigenvalue problem

Rayleigh quotient

Rayleigh quotient of (A, B):

yT Ay
yT By

R —=R:f(y) =

Let A, BinR™" A=AT B=BT »0,
AV,' = /\,‘BV,‘
with A\; < Ao <o < A

Stationary points of f: av;, for all a # 0.
Local (and global) minimizers of f: avy, for all a # 0.
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OPT

Opt algorithms

forf :R" — R

l f = Rayleigh quotient

|

Overview of application to eigenvalue problem

EVP

Algorithms

for EVP




Overview of application to eigenvalue problem

“Block” Rayleigh quotient

Let R7”P denote the set of all full-column-rank n x p matrices.
Generalized (“block™) Rayleigh quotient:

fiR™P R (V) = trace ((YTBY)_lyTAY)
Stationary points of f:
[v,-1 v,-p] M, for all M € RP*P,
Minimizers of f:

Vi ...vp| M, forall M € RP*P.
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OPT

Opt algorithms

forf :R" — R

l f = Rayleigh quotient

|

Overview of application to eigenvalue problem

EVP

Algorithms

for EVP




OPT :

Opt algorithms l £

= Rayleigh quotient

Overview of application to eigenvalue problem

EVP

Algorithms

forf :R" = R

conditions
on f

Convergence
properties

for EVP
conditions
on (A, B)
Convergence
properties
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Overview of application to eigenvalue problem

OPT : EVP
Opt algorithms l f = Rayleigh quotient Algorithms
Newton
for f :R" = R for EVP
conditions S conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties
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Overview of application to eigenvalue problem

Newton for Rayleigh quotient in Rj

Let f denote the Rayleigh quotient of (A, B).
Let x € R] be any point such that f(x) ¢ spec(B~1A).
Then the Newton iteration

X X — (sz(x))_l - grad f(x)

reduces to the iteration
X — 2X.
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Overview of application to eigenvalue problem

OPT : EVP
Opt algorithms l f = Rayleigh quotient Algorithms
Newton
for f :R" = R for EVP
conditions S conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties
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Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
for f :R"— R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence ergence

properties operti
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Overview of application to eigenvalue problem

Invariance properties of the Rayleigh quotient

Rayleigh quotient of (A, B):

-
n y " Ay
f:R] -R:f(y)=

Invariance: f(ay) = f(y) for all @ € Ry.
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Overview of application to eigenvalue problem

Invariance properties of the Rayleigh quotient

Generalized (“block™) Rayleigh quotient:
fiR™P LR f(Y) = trace ((YTBY)_lYTAY)

Invariance: f(YM) = f(Y) for all M € RY*P.
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Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
for f :R"— R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence ergence

properties operti
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Remedy 1: modify f

OPT

Opt algorithms 1

=17

Newton
for f :R" = R J

conditions
on

nondegenerate minimizers

Convergence
properties

Overview of application to eigenvalue problem

EVP

Algorithms

for EVP

conditions
on (A, B)

er (S

operti
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Overview of application to eigenvalue problem

Remedy 1: modify f

Consider
Pa:R" = R:x— Pa(x) = (x"x)*> = 2xT Ax.

Theorem
() 2
in P =—-A

min Pa(x) n
The minimum is attained at any v/ A,Vv,, where v, is a unitary
eigenvector related to A,.
(ii) The set of critical points of P4 is {0} U {v/Axvk}.
References: Auchmuty (1989), Mongeau and Torki (2004).



Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
for f :R"— R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence ergence

properties operti
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Overview of application to eigenvalue problem

EVP: optimization on ellipsoid

e <--- minimizers of f
level curves of f ¢ v

44



Overview of application to eigenvalue problem

Remedy 2: modify the search space

Instead of -
n y' Ay
f:R] -R:f(y)= ,
minimize T
y' Ay
f-M—=R:f(y)= ,
where

M={yeR":y"By =1}

Stationary points of f: £v;.
Local (and global) minimizers of f: +v;.



Overview of application to eigenvalue problem

Remedy 2: modify search space: block case

Instead of generalized (“block™) Rayleigh quotient:
fiR™P L R:f(Y) = trace ((YTBY)*WTAY) ,
minimize
f : Grass(p, n) — R : f(col(Y)) = trace ((YTBY)—1 YTAY> ,

where Grass(p, n) denotes the set of all p-dimensional subspaces of R”,
called the Grassmann manifold.

Stationary points of f: col([v;, ... vi]).

Minimizer of f: col([vi ...vp]).

46



Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
forf : M —-R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties
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Overview of application to eigenvalue problem

Smooth optimization on a manifold: big picture

M J—

48



Overview of application to eigenvalue problem

Smooth optimization on a manifold: tools

Purely Riemannian way Pragmatic way
Search direc- | Tangent vector Tangent vector
tion
Steepest de- | —grad f(x) —grad f(x)
scent dir.
Derivative of | Levi-Civita connection % Any connection V
vector field
Update Search along the geodesic tan- | Search along any curve tz
gent to the search direction to the search direction
scribed by a retraction)
Displacement | Parallel translation induced by | Vector Transport
of tgt vectors %
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Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
forf : M —-R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties




Overview of application to eigenvalue problem

Newton’'s method on abstract manifolds

Required: Riemannian manifold M; retraction R on M; affine
connection V on M; real-valued function f on M.
Iteration xx € M — xx11 € M defined by

1. Solve the Newton equation
Hess f(xx)nk = —grad f(xk)

for the unknown 71y € T,, M, where Hess f (xx)ni := V;, grad f.
2. Set

Xk41 = ka(nk)'

51



Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
forf : M —-R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties




Overview of application to eigenvalue problem

Convergence of Newton's method on abstract manifolds

Theorem

Let x, € M be a nondegenerate critical point of f, i.e., grad f(x,) =0
and Hess f(x,) invertible.

Then there exists a neighborhood U/ of x, in M such that, for all xg € U,
Newton's method generates an infinite sequence (xx)k=0.1,.. converging
superlinearly (at least quadratically) to x..
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Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
forf : M —-R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties




Overview of application to eigenvalue problem

Geometric Newton for Rayleigh quotient optimization

lteration x, € S"! = x4 1 € S" 1 defined by

1. Solve the Newton equation

P, AP, nk — 77kaTAXk = —P,, Axk,
X!k =0,

for the unknown 7, € R", where
Py, = (I — XkaT).
2. Set

Xk + Nk

Xk+1l ' — 57—
T et

55



Overview of application to eigenvalue problem

Geometric Newton for Rayleigh quotient optimization: block case

Iteration col(Y) € Grass(p, n) — col(Yxs1) € Grass(p, n) defined by

1. Solve the linear system

Pé’/k (AZk — Zk(YkT Yk)_l YkTAYk) = —Pi;/k(AYk)

for the unknown Z, € R"*P, where
Pi»’/k = (I =YY o) tYd).

2. Set
Yit1 = (Yi + Zi) N

where Ny is a nonsingular p x p matrix chosen for normalization.
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Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
forf : M —-R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties




Overview of application to eigenvalue problem

Convergence of the EVP algorithm

Theorem

Let Y, € R™*P be such that col(Ys) is a spectral invariant subspace of
B~1A. Then there exists a neighborhood U of col(Y.) in Grass(p, n)
such that, for all Yo € R"*P with col(Yp) € U, Newton's method
generates an infinite sequence (Yj)x=o,1,... such that (col(Yx))k=o.1,...
converges superlinearly (at least quadratically) to col(Y;) on Grass(p, n).



Overview of application to eigenvalue problem

OPT ; EVP
Opt algorithms 1 f = Rayleigh quotient Algorithms
Newton
forf : M —-R for EVP
conditions o conditions
nondegenerate minimizers
on f on (A, B)
Convergence Convergence

properties properties




Overview of application to eigenvalue problem

Other optimization methods

» Trust-region methods: PAA, C. G. Baker, K. A. Gallivan,
Trust-region methods on Riemannian manifolds, Foundations of

Computational Mathematics, 2007.

» “Implicit” trust-region methods: PAA, C. G. Baker, K. A. Gallivan,
submitted.
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Manifolds, submanifolds, quotient manifolds

Manifolds

61



Manifolds, submanifolds, quotient manifolds

Manifolds, submanifolds, quotient manifolds

M = St(p, n)
Tools:
‘ M C R™*P R™P/GL,
g RV, T
! RI*P/0,
f:M—R
0,\RI"?
‘ M _ Rnxp/ ~ RQXP/Sdiag-%—
RQXP/SHPP*

62



Manifolds, submanifolds, quotient manifolds

Submanifolds of R”

U open

Hgo(x) U diffeo

n—d
M N,
R p(U)

The set M C R" is termed a submanifold of R" if the situation described
above holds for all x € M.

o)

Rd

63



Manifolds, submanifolds, quotient manifolds

Submanifolds of R”

U open

n—d
o 1 U S p(U)
Rd
M \_ | J
R p(U)

The manifold structure on M is defined in a unique way as the manifold

<
€

structure generated by the atlas : SO(X)‘M xeM

-
€4

64



Manifolds, submanifolds, quotient manifolds

Back to the basics: partial derivatives in R”

Let F: R" — RY.
Define 0;F : R” — R9 by

() = lm Fx + te;) — Fx)

If O;F is defined and continuous on R", then F is termed continuously
differentiable, denoted by F € C1.
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Manifolds, submanifolds, quotient manifolds

Back to the basics: (Fréchet) derivative in R”

If F e Ct, then

F(x + tz) — F(x)
t

DF(x): R" AN Rz DF(x)[z] := tlir%

is the derivative (or differential) of F at x.
We have DF(x)[z] = Jr(x)z, where the matrix

Ou(ef F)(x) -+ Onlef F)(x)
JF(X) = : . :
8]_(GJ—F)(X) an(eJF)(x)

is the Jacobian matrix of F at x.
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Manifolds, submanifolds, quotient manifolds

Submanifolds of R": sufficient condition

M= F0)

F:R SR
T oy

RY

=
y € R9 is a regular value of F if, for all x € F~1(y), DF(x) is an onto

function (surjection).

Theorem (submersion theorem): If y € R9 is a regular value of F,
then F~1(y) is a submanifold of R".
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Manifolds, submanifolds, quotient manifolds

Submanifolds of R": sufficient condition: application

Cl
F:R" S R': x+— xTx

T R
N 5

Sli={xeR":xTx=1} = F(1)

The unit sphere
S"li={xeR":x"x=1}

is a submanifold of R”".
Indeed, for all x € S"™ 1, we have that

DF(x):R" - R:z— DF(x)[z] =x"z4+z"x

is an onto function.
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Tools:

g RV, T

!

f:M—R

Abstract manifold

Manifolds, submanifolds, quotient manifolds

[ mcwe

Embedded submanifold

Quotient manifold

Manifolds, submanifolds, quotient manifolds

M = St(p, n)
Stiefel
R™P/GL,
Grassmann
RI?/0,
?
0,\RI*?
Shape
RYP/Sqiag+
Oblique
R /Supp,
Flag

69



Manifolds, submanifolds, quotient manifolds

Manifolds, submanifolds, quotient manifolds

Embedding theorems M = St(p, n)

Stiefel
M C R™P R™P/GL,
Grassmann
RI?/0,
?
0,\RI*?
Abstract manifold Shape

RnXP/Sd,r
_ R:Xp -~ * lag+
‘ M / Oblique
Quotient manifold RQXP/Supp*
Flag

Tools: ‘

g RV, T
] Embedded submanifold

f:M—R

70



Manifolds, submanifolds, quotient manifolds

A simple quotient set: the projective space

X ={ax:aeRe} ={y e R3:y ~ x}

0

20

R2/ ~=R2/R = S'
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Manifolds, submanifolds, quotient manifolds

A slightly less simple quotient set: R*?/GL,

M

RI*P/GL, Grass(p, n)

72



Manifolds, submanifolds, quotient manifolds

Abstract quotient set M/ ~

Nl
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Manifolds, submanifolds, quotient manifolds

Abstract quotient manifold M/ ~

)N

M=M/~
The set M/ ~ is termed a quotient manifold if the situation described
above holds for all x € M.
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Manifolds, submanifolds, quotient manifolds

Abstract quotient manifold M/ ~

<

M=/ ~
The manifold structure on M/ ~ is defined in a unique way as the
ef
manifold structure generated by the atlas S lppgortixeM
T
€q



Manifolds, submanifolds, quotient manifolds

Manifolds, submanifolds, quotient manifolds

Embedding theorems M = St(p, n)

Stiefel
M C R™P R™P/GL,
Grassmann
RI?/0,
?
0,\RI*?
Abstract manifold Shape

RnXP/Sd,r
_ R:Xp -~ * lag+
‘ M / Oblique
Quotient manifold RQXP/Supp*
Flag

Tools: ‘

g RV, T
] Embedded submanifold

f:M—R
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Manifolds, submanifolds, quotient manifolds

Manifolds, and where they appear
» Stiefel manifold St(p, n) and orthogonal group O, = St(n, n)

St(p,n) = {X € R™P . XX = I,}

Applications: computer vision; principal component analysis;
independent component analysis...
» Grassmann manifold Grass(p, n)

Set of all p-dimensional subspaces of R"

Applications: various dimension reduction problems...
» RI*P/0,
X~Y&3dQeO,:Y=XQ

Applications: Low-rank approximation of symmetric matrices;
low-rank approximation of tensors...
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Manifolds, submanifolds, quotient manifolds

Manifolds, and where they appear

» Shape manifold O,/RJ*?
Y~Y&IUeO,:Y=UX

Applications: shape analysis
» Oblique manifold R™” /Sgiag+

R™P/Sgiags = {Y € RT*P : diag(YY) = I,}

Applications: independent component analysis; factor analysis
(oblique Procrustes problem)...

» Flag manifold RY™*?/Spp.,
Elements of the flag manifold can be viewed as a p-tuble of linear
subspaces (V1,...,V,) such that dim(V;) =i and V; C Vii1.
Applications: analysis of QR algorithm...
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Steepest descent

Steepest-descent methods on
manifolds
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Steepest descent

Steepest-descent in R”

grad f(x)

B
X+

grad f(x) = [81f(x) 6,,f(x)] T

80



Steepest-descent: from R” to manifolds

Steepest descent

R
grad f(x)
X f
//\
@
Xt
R" Manifold

Search direction Vector at x Tangent vector at x
Steepest-desc. dir. | —grad f(x) —grad f(x)

Curve

vt x— tgrad f(x)

v s.t. v(0) = x and
5(0) = —grad £(x)
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Steepest-descent: from R” to manifolds

Steepest descent

R
grad f(x)
f
" v
R" Manifold
Search direction Vector at x Tangent vector at x
Steepest-desc. dir. | —grad f(x) —grad f(x)

Curve

v t— x— tgradf(x)

v s.t. v(0) = x and
7(0) = —grad f(x)



Steepest descent

Update directions: tangent vectors

Let v be a curve in the manifold M with ~(0) =
For an abstract manifold, the definition 4(0) = 92(0) = lim;_ 21()=2(0)
is meaningless.

Instead, define: Df(x)[¥(0)] := %fh(t))’t:o

If M CR"and f = f|, then

DAL = D7(x) | 100)]

The application 4(0) : f — Df(x)[¥(0)] is a tangent vector at x.
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Steepest descent

Update directions: tangent spaces

The set
TM = {7(0) : v curve in M through x at t =0}

is the tangent space to M at x.
With the definition

ay1(0) + 572(0) : £ = aDf(x)[11(0)] + SDF (x)[12(0)],

the tangent space Tx.M becomes a linear space.
The tangent bundle T M is the set of all tangent vectors to M.
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Steepest descent

Tangent vectors: submanifolds of Euclidean spaces

If M is a submanifold of R" and f = 7|M, then

DA = D7) | 100

Proof: The left-hand side is equal to %f(v(t))‘tzo. This is equal to

%7(7(t))|t:0 because (t) € M for all t. The classical chain rule yields
the right-hand side.

85



Steepest descent

Tangent vectors: quotient manifolds

wwww X|=(yemM:y~x
| =

M=)

Let M/ ~ be a quotient manifold. Then [x] is a submanifold of M. The
tangent space T,[x] is the vertical space Vy. A horizontal space is a
subspace of T,M complementary to V.

Let &(x) be a tangent vector to M/ ~ at m(x).

Theorem: In H, there is one and only one &, such that

DW(X) [gx] = €7r(x) .

Hx
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Steepest descent

Steepest-descent: norm of tangent vectors

grad £(x)

The steepest ascent direction is along

arg max Df (x)[¢].
£eTiM
ll€ll=1

To this end, we need a norm on T, M.
For all x € M, let g, denote an inner product in T, M, and define

H§XH = gx(fx;gx)-

When g, “smoothly” depends on x, we say that (M, g) is a Riemannian
manifold.
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Steepest descent

Steepest-descent: gradient

There is a unique grad f(x), called the gradient of f at x, such that

grad f(x) € TyM
gx(grad f(x), &) = DF(X)[6], V&« € TeM.

We have df( )
grad f(x
——— = = argmax Df(x)[¢
lerad PO rEmaxDFCOLE]
ll€ll=1
and df( )
grad f(x
rad f(x)|| = Df(x) | =—————| .
Jrad £(x)]| = DF( )[Hgmd f(X)H]
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Steepest descent

Steepest-descent: Riemannian submanifolds

Let (M, g) be a Riemannian manifold and M be a submanifold of M.
Then

gX(§X7Cx) = gx(ngnX)7 Véx, (x € ThM

defines a Riemannian metric g on M. With this Riemannian metric, M
is a Riemannian submanifold of M.
Every z € T, M admits a decomposition z = P,z + Piz .

X

~
ETM  eTIM

If f: M — R and f = f|, then

grad f(x) = Pygrad f(x).
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Steepest descent

Steepest-descent: Riemannian quotient manifolds

\\\\iﬁ |

f
e

()
Let & be a Riemannian metric on M.

Suppose that, for all £ () and (r(x) in T,T(X)ﬂ/ ~, and all
% € mY(m(x)), we have

g}’((é}’(: ZS%) = Ex(ng Zx)
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Steepest descent

Steepest-descent: Riemannian quotient manifolds

X=tyeM:y~x
M Hx
l T Ex

Then

8r(x) (gw(x)a Cﬂ'(X)) = EX(EX? Zx)

defines a Riemannian metric on M/ ~. This turns M/ ~ into a
Riemannian quotient manifold.
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Steepest descent

Steepest-descent: Riemannian quotient manifolds

Xl=tyeM:y~x
M Hx
l T gx

Let f: M/ ~— R. Let PQ’? denote the orthogonal projection onto Hy.
grad f,, = PM8grad (f o m)(x).

If H, is the orthogonal complement of Vy in the sense of g (7 is a
Riemannian submersion), then grad (f o 7)(x) is already in Hy, and thus

grad f, = grad (f o 7)(x).




Steepest descent

Steepest-descent: choosing the search curve

It remains to choose a curve v through x at t = 0 such that
4(0) = —grad f(x).

Let R: TM — M be a retraction on M, that is

1. R(0x) = x, where 0y denotes the origin of T, M;
%R(ifX) =&«
Then choose v : t — R(—tgrad f(x)).
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Steepest descent

Steepest-descent: line-search procedure

Find t such that f(~(t)) is “sifficiently smaller” than f(+(0)). Since

t — f(7(t)) is just a function from R to R, we can use the step selection
techniques that are available for classical line-search methods.

For example: exact minimization, Armijo backtracking,...
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Steepest descent

Steepest-descent: Rayleigh quotient on unit sphere

h FiR SR x o xx
— T R
\—7 —
|

Stli={xeR":xTx=1} = F (1)

Let the manifold be the unit sphere
S"l=I{xeR":x"x=1} = F}(1),

where F:R" 5 R:x — x'x.

Let A= AT € R"™ " and let the cost function be the Rayleigh quotient
f:$" 1 S R:x— xTAx.
The tangent space to S"! at x is

T,.5" ! = ker(DF(x)) = {z € R" : x"z = 0}..
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Derivation formulas

If F is linear, then
DF(x)[z] = F(z).

Chain rule: If range(F) C dom(G), then
D(G o F)(x)[z] = DG(F(x))[DF(x)[z]]-

Product rule: If the ranges of F and G are in matrix spaces of
compatible dimension, then

D(FG)(x)[z] = DF(x)[z]G(x) + F(x)DG(x)[z].

Steepest descent
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Steepest descent

Steepest-descent: Rayleigh quotient on unit sphere

h F:R SR x - xTx
— R
\—7 —

S li={xeR":x"x =1} = F (1)
Rayleigh quotient:
f:S" 1 S R:x— x"Ax.

The tangent space to S"~! at x is
T,S" 1 = ker(DF(x)) = {z € R" : x" z = 0}.
Product rule:
D(FG)(x)[z] = DF(x)[z]G(x) + F(x)DG(x)[z]-
Differential of f at x € S"~1:

Df(x)[z] = xTAz+ zTAx =2z"TAx, ze T,S" L
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Steepest-descent: Rayleigh quotient on unit sphere

FiR SR xo xTx
— R’
0 1

57 i= (x e R7xTx=1) = FX(1)

“Natural” Riemannian metric on S"~1:
gx(z1,22) = 21T22, 21,20 € TS L.
Differential of f at x € S"~1:
Df(x)[z] = 22" Ax = 2g,(z, Ax), z€ T, S" L.

Gradient:
grad f(x) = 2P, Ax = 2(/ — xxT)Ax.

Check:
grad f(x) € T,S" !

Df(x)[z] = gx(grad f(x),z), Vz € T,S" 1.

Steepest descent
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Steepest descent

Steepest-descent: Rayleigh quotient on unit sphere

Snfl

F:5"1 SR x— xT Ax
F:R" - R:x— x"Ax
grad f(x) = 2Ax

grad f(x) = 2P Ax = 2(/ — xx ") Ax.
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Newton's method on manifolds

Newton
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Newton

Newton in R”

Let f: R" — R.
Recall grad f(x) = [01f(x) -+ Onf(x)] 7
Newton's iteration:

1. Solve, for the unknown z € R”,
D(grad f)(x)[z] = —grad f(x).

2. Set
Xy =X+ z.
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Newton

Newton in R": how it may fail

;

Letf:R8—>R:xr—>XTAX.
. i X' X

Newton's iteration:

1. Solve, for the unknown z € R”,
D(grad f)(x)[z] = —grad f(x).

2. Set
Xy =X+ z.

Proposition: For all x such that f(x) is not an eigenvalue of A, we have

Xy = 2X.



Newton

Newton: how to make it work for RQ

Let f:S" ! SR X|—>—XXAXX
Newton's iteration:

1. Solve, for the unknown z € R" ~» 7, € TS 1

D(grad f)(x)[z] = —grad f(x) ~ |7 ((grad f)(x)[nx] = —grad f(x)

2. Set
Xp =x+2z ~xp=R(nx)
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Newton

Newton's equation on an abstract manifold

Let M be a manifold and let f : M — R be a cost function.
The mapping x € M +— grad f(x) € T,xM is a vector field.

D(grad f)(x)[z] = —grad f(x) ~ (grad )(x)[nx] = —grad f(x)

The new object has to be such that
» In R”, reduces to the classical derivative
> (grad f)(x)[nx] belongs to T, M

> has the same linearity properties and multiplication rule as the

classical derivative.
Differential geometry offers a concept that matches these conditions: the
concept of an affine connection.
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Newton

Newton: affine connections

Let X(M) denote the set of smooth vector fields on M and §(M) the
set of real-valued functions on M.
An affine connection V on a manifold M is a mapping

v X(M) x X(M) — Z(M),

which is denoted by (7, £) ~, V¢ and satisfies the following properties:

i) §(M)-linearity in n:  Vepig & = V6 + gV, &,
ii) R-linearity in & V,(a& + b() = aV,{ + bV, (,
i) Product rule (Leibniz' law):  V,(f&) = (nf)¢ + fV,¢,

in which 1, x,&,¢ € (M), f,g € F(M), and a,b € R.



Newton

Newton’'s method on abstract manifolds

Cost function: f :R" - R~ f : M — R.
Newton's iteration:

1. Solve, for the unknown z € R" ~» 1, € T, M
D(grad f)(x)[z] = —grad f(x) ~~ V(gradf)(x)[nx] = —grad f(x)

2. Set
xp =x+7 ~x = R(n)

In the algorithm above, V is an affine connection on M and R is a
retraction on M.
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Newton

Newton's method on S"1

If M is a Riemannian submanifold of R", then V defined by
Vi =P DEX) ], nx € TM, § € X(M)

is a particular affine connection, called Riemannian connection.
For the unit sphere S"~1, this yields

V& = (I = xx)DEX)[nx],  xTmx = 0.
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Newton

Newton's method for Rayleigh quotient on S"~1

R" f(x)
Let f:{ M —R:x— ¢ f(x)
Sn—l XTTAX

Newton's iteration:
1. Solve, for the unknown z € R” ~» 1, € T,M ~ xn, =0

D(grad f)(x)[z] = —grad f(x)
~ V(grad f)(x)[nx] = —grad f(x)
~ (1= xxT)(A = F(x) N = —(1 — xxT)Ax

2. Set
X + Nx

Xy =x+2z ~xy=R(nx) “’>X+:m
X
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Newton

Newton for RQ on S"!: a closer look

(I —xxT)(A = f(x)Nnx = —(1 — xx")Ax
= (I = xx")(A—=F(x))(x+nx) =0
= (A—Ff(x))(x +nx) = ax

Therefore, x; is collinear with (A — f(x)/)~!x, which is the vector
computed by the Rayleigh quotient iteration.
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Newton method on quotient manifolds

Rl

Affine connection: choose V defined by

[X]={yerM:y~x

Hx

WX = szﬁxg7

provided that this really defines a horizontal lift. This requires special
choices of V.

Newton
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Newton

Newton method on quotient manifolds

Rl

If7m: M — M/ ~ is a Riemannian submersion, then the Riemannian
connection on M/ ~ is given by

[X]={yerM:y~x

Hx

vngx = ngﬁxg’

where V denotes the Riemannian connection on M.
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Rayleigh on Grassmann

A detailed exercise

Newton's method for the Rayleigh
quotient on the Grassmann
manifold



Rayleigh on Grassmann

Manifold: Grassmann

The manifold is the Grassmann manifold of p-planes in R":
Grass(p, n) ~ ST(p, n)/GLj.
The one-to-one correspondence is
Grass(p,n) > Y < Y GL, € ST(p,n)/GL,

such that ) is the column space of Y.
The quotient map
7. ST(p, n) — Grass(p, n)

is the “column space” or “span” operation.
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Rayleigh on Grassmann

Grassmann and its quotient representation

M

RI*P/GL, Grass(p, n)
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Total space: the noncompact Stiefel manifold

The total space of the quotient is

ST(p,n) ={Y € R™P : rank(Y) = p}.

This is an open submanifold of the Euclidean space R"*P.

Tangent spaces: TyST(p, n) ~ R"™P.

Rayleigh on Grassmann

115



Rayleigh on Grassmann

Riemannian metric on the total space

Define a Riemannian metric g on ST(p, n) by
2y (Z1, 2o) = trace ((YTY)’lleZg) .
This is not the canonical Riemannian metric, but it will allow us to turn

the quotient map 7 : ST(p, n) — Grass(p, n) into a Riemannian
submersion.

116



Rayleigh on Grassmann

Vertical and horizontal spaces

The vertical spaces are the tangent spaces to the equivalence classes:
Vy := Ty(YGL,) = Y TyGL, = YRP*P.
Choice of horizontal space:

Hy = (Vy)*+
={Z e TyST(p,n): gy(Z,V)=0,YV € Vy}
={ZecR™P:YTZ=0}.

Horizontal projection:

Pl =(-Y(YTY)lyT).
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Rayleigh on Grassmann

Compatibility equation for horizontal lifts

Given ¢ € T(Y)Grass(p, n), we have

EYM = EYM'

To see this, observe that £, M is in Hypy; moreover, since YM + t&y M
and Y + t£y have the same column space for all t, one has

Dr(YM)[€y M] = Dr(Y)[Ey] = &x(v)-

Thus &y M satisfies the conditions to be &y,,.
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Rayleigh on Grassmann

Riemannian metric on the quotient

On Grass(p, n) ~ ST(p, n)/GLp, define the Riemannian metric g by
Zx(v)(Ex(v) Cr(v)) = By (Ey, Cy).

This is well defined, because for all ¥ € 7= 1(n(Y)) = YGL,, we have
Y = YM for some invertible M, and

Eym(Eym: Cym) = 8y (Ey, Cy).

This definition of g turns

7 : (ST(p, n),g) — (Grass(p, n), g)

into a Riemannian submersion.
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Rayleigh on Grassmann

Cost function: Rayleigh quotient

Consider the cost function
f : Grass(p, n) — R : span(Y) — trace ((YTY)_lYTAY> .

This is the projection of

f:ST(p,n) — R: Y — trace ((YTY)_IYTAY> .

Thatis, f = f or.
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Rayleigh on Grassmann

Gradient of the cost function

For all Z € R™P,
DF(Y)[Z] = 2trace ((YTY)—lzT(AY - Y(YTY)_lYTAY)) .

Hence B
grad F(Y) = 2 (AY - Y(YTY)*YTAY) :

and
grad fy =2 (AY - Y(YTY)—lvTAY) .
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Rayleigh on Grassmann

Riemannian connection

The quotient map is a Riemannian submersion. Therefore
Vy€ = Pi\” (ﬁﬁvg)

It turns out that L B
Vy€ =Py (DE(Y)[v]) -

(This is because the Riemanian metric g is “horizontally invariant”.)
For the Rayleigh quotient f, this yields

Vyerad f = P (Dgrad f (Y) [iy])
—2Ph, (Aﬁy - ﬁy(YTY)’lYTAY) .



Rayleigh on Grassmann

Newton's equation

Newton's equation at w(Y) is
Vinyerad f = —grad f(7(Y))

for the unknown 7 (yy € Tr(y)Grass(p, n).
To turn this equation into a matrix equation, we take its horizontal lift.
This yields

Ph, <Aﬁy —ﬁy(YTY)’lYTAY> = —PLAY, Ty €My,

whose solution 7y in the horizontal space Hy is the horizontal lift of the
solution 7 of the Newton equation.



Rayleigh on Grassmann

Retraction

Newton's method sends (YY) to ), according to
Viyerad f = —grad f(7(Y))
Vi = Rey)(1r(y))-

It remains to pick the retraction R.
Choice: R defined by

Re(vién(y) = (Y +&y).

(This is a well-defined retraction.)



Rayleigh on Grassmann

Newton's iteration for RQ on Grassmann

Require: Symmetric matrix A.

Input: Initial iterate Yy € ST(p, n).

Output: Sequence of iterates { Yy} in ST(p, n).
1: for k=0,1,2,... do

2. Solve the linear system

Pi;/k (AZk — Zk(YkT Yk)_l YkTAYk) = —Pf\'/k(AYk)
Y] Z, =0

for the unknown Z;, where P’{/ is the orthogonal projector onto
Hy. (The condition YkTZk expresses that Z, belongs to the
horizontal space Hy, .)
3: Set
Yit1 = (Yi + Zi) Ny

where Ny is a nonsingular p X p matrix chosen for normalization
purposes.
4: end for



A new tool for Optimization On

Manifolds:

Vector Transport



Filling a gap

Purely Riemannian way

Vector Transport

Pragmatic way

Update

Search along the geodesic tan-
gent to the search direction

Search along any curve tz
to the search direction
scribed by a retraction)

Displacement
of tgt vectors

Parallel translation induced by

g
\Y
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Vector Transport

Where do we use parallel translation?

In CG. Quoting (approximately) Smith (1994):

1. Select xp € M, compute Hy = —grad f(xp), and set k =0

2. Compute t4 such that f(Exp, (txHx)) < f(Exp,, (tHk)) for all
t>0.

3. Set X411 = EXpXk(tka).

4. Set Hyy1 = —grad f(xx+1) + Bk Hk, where 7 is the parallel
translation along the geodesic from xx to xx1.
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Vector Transport

Where do we use parallel translation?

In BFGS. Quoting (approximately) Gabay (1982):

xky1 = Exp,, (tkék) (update along geodesic)

grad f(xxp1) — 7o grad f(xx) = Bry17," (tk&k) (requirement on
approximate Jacobian B)

This leads to the a generalized BFGS update formula involving parallel

translation.
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Vector Transport

Where else could we use parallel translation?

In finite-difference quasi-Newton.

Let £ be a vector field on a Riemannian manifold M. Exact Jacobian of
€ at x € M: Jg(x)[n] = V€.

Finite difference approximation to Jg¢: choose a basis (Ep,- - , Eq) of
T, M and define J(x) as the linear operator that satisfies

~ Th€Exp. (hE;) — Ex
J(x)IE] = Someal 2,
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Filling a gap

Purely Riemannian way

Vector Transport

Pragmatic way

Update

Search along the geodesic tan-
gent to the search direction

Search along any pres
curve tangent to the sear
rection

Displacement
of tgt vectors

Parallel translation induced by
g
\Y

77



Vector Transport

Parallel translation can be tough

Edelman et al (1998): We are unaware of any closed form expression for
the parallel translation on the Stiefel manifold (defined with respect to
the Riemannian connection induced by the embedding in R"*P).

Parallel transport along geodesics on Grassmannians:

E(t)y () = —YoVsin(Zt)UTE(0)y,+U cos(Et)UT£(0) y,+(I1—UUT)E(0) .

where J.J(O)Y0 = Uz VT is a thin SVD.



Vector Transport

Alternatives found in the literature

Edelman et al (1998): “extrinsic’ CG algorithm. “Tangency of the
search direction at the new point is imposed via the projection / — YY"
(instead of via parallel translation).

Brace & Manton (2006), An improved BFGS-on-manifold algorithm for
computing weighted low rank approximation. “The second change is that
parallel translation is not defined with respect to the Levi-Civita
connection, but rather is all but ignored.”
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Filling a gap

Purely Riemannian way

Vector Transport

Pragmatic way

Update

Search along the geodesic tan-
gent to the search direction

Search along any curve tz
to the search direction
scribed by a retraction)

Displacement
of tgt vectors

Parallel translation induced by

g
\Y
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Filling a gap: Vector Transport

Purely Riemannian way

Vector Transport

Pragmatic way

Update

Search along the geodesic tan-
gent to the search direction

Search along any curve tz
to the search direction
scribed by a retraction)

Displacement
of tgt vectors

Parallel translation induced by

g
\Y

Vector Transport

135



Vector Transport

Still to come

» Vector transport in one picture

» Formal definition

» Particular vector transports

» Applications: finite-difference Newton, BFGS, CG.
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Vector Transport

The concept of vector transport
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Vector Transport

Retraction

A retraction on a manifold M is a smooth mapping
R:TM— M

such that

1. R(0x) = x for all x € M, where 0, denotes the origin of T, M,
2. %R(tgx)‘t:() = §X fOI’ a” gx S TXM

Consequently, the curve t — R(t&y) is a curve on M tangent to &,.
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Vector Transport

The concept of vector transport — Whitney sum
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Vector Transport

Whitney sum

Let TM @ TM denote the set
TMpTM = {(nx,fx) “Nx, €x € TheM, x € M}

This set admits a natural manifold structure.
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Vector Transport

The concept of vector transport — definition
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Vector Transport

Vector transport: definition

A vector transport on a manifold M on top of a retraction R is a smooth
map

TMSTM — TM: (Nx, &) — T (6<) € TM

satisfying the following properties for all x € M:

L. (Underlying retraction) 7;, & belongs to Tg (;, ) M.
2. (Consistency) 7o, &x = & for all & € T M,
3. (Linearity) 7, (a&x + b(x) = a7, (&) + b7, (Cx).



Vector Transport

Inverse vector transport

When it exists, (7,,) (&g, (n,)) belongs to T, M. If  and £ are two
vector fields on M, then (7,)~1¢ is naturally defined as the vector field
satisfying

((7)71€), = (7o) (€R.ta)-
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Vector Transport

Still to come

>
>

» Particular vector transports

» Applications: finite-difference Newton, BFGS, CG.
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Vector Transport

Parallel translation is a vector transport

Proposition
If V is an affine connection and R is a retraction on a manifold M, then

T, (&) = Py % (1)

is a vector transport with associated retraction R, where P, denotes the
parallel translation induced by V along the curve t — ~(t) = Ru(tnx).
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Vector Transport

Vector transport on Riemannian submanifolds

If M is an embedded submanifold of a Euclidean space £ and M is
endowed with a retraction R, then we can rely on the natural inclusion
TyM C & for all y € N to simply define the vector transport by

%XfX = PRX(nX)£X7 (2)

where P, denotes the orthogonal projector onto T, N.
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Vector Transport

Still to come

Applications: finite-difference Newton, BFGS, CG.
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Vector Transport

Vector transport in finite differences

Let M be a manifold endowed with a vector transport 7 on top of a
retraction R. Let x € M and let (Eq, ..., Eq4) be a basis of T, M. Given
a smooth vector field £ and a real constant h > 0, let

jg(x) i TxM — T, M be the linear operator that satisfies, for
i=1,...,d, .

The)~ N — &

(The))”"Er(hE) — § _ 3)

Je(x)[Ei] = h

Lemma (finite differences)

Let x, be a nondegenerate zero of £&. Then there is ¢ > 0 such that, for
all x sufficiently close to x, and all h sufficiently small, it holds that

19 CIE = JOIEI < (b + [[&x)- (4)
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Vector Transport

Convergence of Newton's method with finite differences

Proposition
Consider the geometric Newton method where the exact Jacobian J(xk)
is replaced by the operator Jg(xi) with h := hy. If

lim h, =0,
k—o00

then the convergence to nondegenerate zeros of £ is superlinear. If,
moreover, there exists some constant ¢ such that

hie < c[€xll

for all k, then the convergence is (at least) quadratic.
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Vector Transport

Vector transport in BFGS

With the notation

sk =Ty € Ty M,
yi = grad f(xxq1) — 7y, (grad f(xx)) € Ty, M,

we define the operator Ay 1 : Ty M +— Ty M by

. A -
Ak+1n=AkU—MAk5k+ (}/k,77)>yk for all n € Ty, ,, M,

<5k,Ak5k> <}/k75k

with 5
Ak =T, 0 Ak o (Z?k)_l'
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Vector transport in CG

Compute a step size a and set

Xp+1 = R (ki)

Compute (i1 and set

Nks1 = —grad f(Xe1) + Brr1Zoyn, (k)

Vector Transport
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Filling a gap: Vector Transport

Purely Riemannian way

Vector Transport

Pragmatic way

Update

Search along the geodesic tan-
gent to the search direction

Search along any curve tz
to the search direction
scribed by a retraction)

Displacement
of tgt vectors

Parallel translation induced by

g
\Y

Vector Transport



Vector Transport

Ongoing work

» Use vector transport wherever we can.
» Extend convergence analyses.
» Develop recipies for building efficient vector transports.



Trust-Region Methods

Trust-region methods on
Riemannian manifolds
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Trust-Region Methods

Motivating application: Mechanical vibrations

Mass matrix M, stiffness matrix K.
Equation of vibrations (for undamped discretized linear structures):

Kx = w?>Mx

were
» w is an angular frequency of vibration
» x is the corresponding mode of vibration

Task: find lowest modes of vibration.



Trust-Region Methods

Generalized eigenvalue problem

Given n x n matrices A= AT and B = BT > 0, there exist v1,...,V, in
R” and A1 < ... <\, in R such that

Av; = \;By;

T — 5
v;' Bvj = §j;.

Task: find Ag,...,A\pand vq,..., vp.
We assume throughout that A\, < Api1.
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Trust-Region Methods

Case p = 1: optimization in R”

Av; = \jBy;

Consider the Rayleigh quotient

yT Ay
yT By

fFR'—R:f(y) =

Invariance: f(ay) = f(y).

Stationary points of f: av;, for all o # 0.
Minimizers of f: avy, for all o # 0.
Difficulty: the minimizers are not isolated.
Remedy: optimization on manifold.



Trust-Region Methods

Case p = 1: optimization on ellipsoid

Invariance: f(ay) = f(y).

Remedy 1:
» M:={y eR":yT"By = 1}, submanifold of R".
> M—-R:f(y)=yTAy.

Stationary points of : tvy,...,%v,.

Minimizers of f: £vy.
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Trust-Region Methods

Case p = 1: optimization on projective space

yT Ay
y "By

fiR'—R:f(y)=

Invariance: 7(ay) = f(y).
Remedy 2:

> [y] =yR:={ya:aecR}

> M:=RI/R={[y]}

» M= R:f([y]) = f(y)
Stationary points of f: [vi], ..., [va].
Minimizer of f: [v1].
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Trust-Region Methods

Case p > 1: optimization on the Grassmann manifold

FiR™P L R:F(Y) = trace ((YTBY)_lYTAY>

Invariance: f(YR) = f(Y).
Define:
» [Y]:={YR:ReRE*P} YR
» M = Grass(p, n) :={[Y]}
> f: M —R:F([Y]) :=F(Y)
Stationary points of f: span{v;,...,v; }.
Minimizer of f: [Y] =span{vi,...,vp}.
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Trust-Region Methods

Optimization on Manifolds

» Luenberger [Lue73], Gabay [Gab82]: optimization on submanifolds
of R".

» Smith [Smi93, Smi94] and Udriste [Udr94]: optimization on general
Riemannian manifolds (steepest descent, Newton, CG).

» PAA, Baker and Gallivan [ABGO7]: trust-region methods on
Riemannian manifolds.

» PAA, Mahony, Sepulchre [AMS08]: Optimization Algorithms on
Matrix Manifolds, textbook.



Trust-Region Methods

The Problem : Leftmost Eigenpairs of Matrix Pencil

Given n x n matrix pencil (A, B), A= AT, B= BT = 0 with (unknown)
eigen-decomposition

Alvi|...|va] = Blwa] ... |vn] diag(A1,. .., An)

il (val" Blwi|. . [va]l =1, A1 <X <...< A
The problem is to compute the minor eigenvector +v;.



Trust-Region Methods

The ideal algorithm

Given (A,B), A= AT, B= BT = 0 with (unknown) eigenvalues
0 < A1 < ...\, and associated eigenvectors vy, ..., Vp.

1. Global convergence:
» Convergence to some eigenvector for all initial conditions.
» Stable convergence to the “leftmost” eigenvector +v; only.
2. Superlinear (cubic) local convergence to +v;.
3. "Matrix-free” (no factorization of A, B)
but possible use of preconditioner.
4. Minimal storage space required.
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Strategy

» Rewrite computation of leftmost eigenpair as an optimization
problem (on a manifold).

» Use a model-trust-region scheme to solve the problem.
~» Global convergence.

» Take the exact quadratic model (at least, close to the solution).
~» Superlinear convergence.

» Solve the trust-region subproblems using the (Steihaug-Toint)
truncated CG (tCG) algorithm.
~> "Matrix-free”, preconditioned iteration.
~» Minimal storage of iteration vectors.
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[teration on the manifold

Manifold: ellipsoid M = {y € R" : yT By = 1}.
Cost function: f: M — R :y— yT Ay
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Tangent space and retraction (2D picture)

M

Tangent space: T,M :={neR":y"Bn=0}.
Retraction: Ryn := (y +1)/lly +nlls-

Lifted cost function: rA‘y(n) =f(Ryn) = %.
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Concept of retraction

Introduced by Shub [Shu86].

A2

O xelift

M

RO

M

1. Ry is defined and one-to-one in a neighbourhood of Oy in T, M.

. R«(0x) = x.

3. DR«(0x) = idt, p, the identity mapping on T, M, with the canonical
identification To, TxM ~ T, M.

N



Trust-Region Methods

Tangent space and retraction

M

Tangent space: T,M :={neR":y"Bn=0}.
Retraction: Ryn := (y +1)/lly +nlls-

Lifted cost function: f,(n) := f(R,n) = %.
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Quadratic model

T T

yTAy _yTAn ( T y"Ay +
n) = +2 + n' An — n' Bn|+...
() yTBy y"By yTBy yT By

— f(y)+2(PAy. ) + %<2P(A —F(y)B)P ) + ...

<

where (u,v) =uTvand P=1— By(y"B?y)"1y"B.
Model:

my(n) = Fly) + 2(PAy. ) + 2 (P(A~ F(y)B)Pn.n). v By=0.
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Quadratic model

my(n) = F(y) + 2(PAy. ) + 2 (P(A~ F(y)B)Pn.n), T By=0.
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Newton vs Trust-Region

Model:

1
my(n) = f(y) + 2(PAy,n) + 5 (P(A— f(y)B)Pn, 1), y"Bn=0. (7)
Newton method: Compute the stationary point of the model, i.e., solve

P(A—f(y)B)Pn = —PAy.

Instead, compute (approximately) the minimizer of m, within a
trust-region
{ne TM:nTn< A%},
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Trust-region subproblem

Minimize
my(n) = F(y) + 2(PAy,m) + 3 (P(A~ F(1)B)Pn.), y7By=0.

subject to 7y < A2

(D) -

<
M
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Truncated CG method for the TR subproblem (1)

Let (-,-) denote the standard inner product and let
Hy, := P(A — f(xx)B)P denote the Hessian operator.
Initializations:
Set g = 0, ro = Py, Axk = Axi — BXk(X,Z-B2Xk)_1XIZ—BAXk, do = —1p;
Then repeat the following loop on j:
Check for negative curvature
if <6j7HXk(5j> <0

Compute 7 such that n = 7; + 76; minimizes m(n) in (7) and
satisfies [|n|| = A;

return 7,
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Truncated CG method for the TR subproblem (2)

Generate next inner iterate
Set aj = (rj, 1j) / (6}, Hx, 0j);
Set Nj+1=mj + CYJ'(SJ';
Check trust-region
if |nj41] > A
Compute 7 > 0 such that 1 = n; + 79; satisfies ||| = A;
return 7,
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Truncated CG method for the TR subproblem (3)

Update residual and search direction
Set rj+1 = 7+ @ j;
Set Bj1 = (rj+1, f+1) /{1 1);
Set dj+1 = —rj41 + Bj+16;;
J—Jj+1
Check residual
If ||rj|| < [Iro]| min (||ro]|?, %) for some prescribed 6 and &
return 7);;
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Overall iteration

176
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The outer iteration — manifold trust-region (1)

Data: symmetric n X n matrices A and B, with B positive definite.
Parameters: A >0, Ag € (0,A), and o’ € (0, 1).

Input: initial iterate xo € {y : y "By = 1}.

Output: sequence of iterates {x} in {y : y" By = 1}.
Initialization: Kk =0

Repeat the following:
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The outer iteration — manifold trust-region (2)

» Obtain 7y using the Steihaug-Toint truncated conjugate-gradient
method to approximately solve the trust-region subproblem

min my () st (0] <A, (8)
x, Bn=0

where m is defined in (7).
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The outer iteration — manifold trust-region (3)

» Evaluate . R
R ACRIACA o)
ka(O) - ka(nk)
where (1) = (575t
» Update the trust-region radius:
if pi < %
Agi1 = 5Dk

else if p, > % and ||77_kH = A

Ak—i—l = min(2Ak,A)
else
Api1 = Ay
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The outer iteration — manifold trust-region (4)

» Update the iterate:
if px > p'
Xip1 = (X + )/ 1x + 0wl 85
else

Xk+1 = Xk
k—k+1

Trust-Region Methods

(10)
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Strategy

» Rewrite computation of leftmost eigenpair as an optimization
problem (on a manifold).

» Use a model-trust-region scheme to solve the problem.
~» Global convergence.

» Take the exact quadratic model (at least, close to the solution).
~» Superlinear convergence.

» Solve the trust-region subproblems using the (Steihaug-Toint)
truncated CG (tCG) algorithm.
~> "Matrix-free”, preconditioned iteration.
~» Minimal storage of iteration vectors.
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Summary

We have obtained a trust-region algorithm for minimizing the Rayleigh
quotient over an ellipsoid.

Generalization to trust-region algorithms for minimizing functions on
manifolds: the Riemannian Trust-Region (RTR) method [ABGO7].
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Convergence analysis

e

<
M
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Global convergence of Riemannian Trust-Region algorithms

Let {xk} be a sequence of iterates generated by the RTR algorithm with
P € (0, ) Suppose that f is C? and bounded below on the level set
{x € M: f(x) < f(x0)}. Suppose that |[grad f(x)| < B¢ and

|Hess f(x)|| < B for some constants g, G, and all x € M. Moreover
suppose that

Hdt dthfH < 5D (11)

for some constant (p, for all £ € TM with ||| =1 and all t < dp,
where % denotes the covariant derivative along the curve t — Rt£.
Further suppose that all approximate solutions 7y of the trust-region
subproblems produce a decrease of the model that is at least a fixed
fraction of the Cauchy decrease.
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Global convergence (cont'd)

It then follows that
klim grad f(xx) = 0.

And only the local minima are stable (the saddle points and local
maxima are unstable).
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Local convergence of Riemannian Trust-Region algorithms

Consider the RTR-tCG algorithm. Suppose that f is a C? cost function
on M and that

IHx — Hess £, (01) ]| < Brllgrad £ (x)]l- (12)

Let v € M be a nondegenerate local minimum of f, (i.e., grad f(v) =0
and Hess f(v) is positive definite). Further assume that Hess f, is
Lipschitz-continuous at 0, uniformly in x in a neighborhood of v, i.e.,
there exist 31 > 0, 61 > 0 and 2 > 0 such that, for all x € Bs,(v) and
all ¢ € B;s,(0x), it holds

[ Hess  (€) — Hess & (0x)| < Brall€]l- (13)
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Local convergence (cont'd)

Then there exists ¢ > 0 such that, for all sequences {xx} generated by
the RTR-tCG algorithm converging to v, there exists K > 0 such that for
all k > K,

dist(xep1, v) < ¢ (dist(xg, v))mm{0+1.2} (14)

where 6 governs the stopping criterion of the tCG inner iteration.
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Convergence of trust-region-based eigensolver

Theorem:
Let (A, B) be an n x n symmetric/positive-definite matrix pencil with
eigenvalues A\; < A < ... < Ap—1 < A, and an associated

B-orthonormal basis of eigenvectors (vi,..., vy).

Let S; = {y : Ay = \;By, y" By =1} denote the intersection of the
eigenspace of (A, B) associated to \; with the set {y : y" By = 1}.
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Convergence (global)

(i) Let {xx} be a sequence of iterates generated by the Algorithm. Then
{xx} converges to the eigenspace of (A, B) associated to one of its
eigenvalues. That is, there exists i such that limy_,, dist(xk,S;) = 0.

(ii) Only the set S; = {£w;} is stable.
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Convergence (local)

(iii) There exists ¢ > 0 such that, for all sequences {xx} generated by the
Algorithm converging to &1, there exists K > 0 such that for all kK > K,

dist(xeq1,S1) < ¢ (dist(xg, Sp))mn{0+1.2} (15)

with 6 > 0.
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Strategy

» Rewrite computation of leftmost eigenpair as an optimization
problem (on a manifold).

» Use a model-trust-region scheme to solve the problem.
~» Global convergence.

» Take the exact quadratic model (at least, close to the solution).
~» Superlinear convergence.

» Solve the trust-region subproblems using the (Steihaug-Toint)
truncated CG (tCG) algorithm.
~> "Matrix-free”, preconditioned iteration.
~» Minimal storage of iteration vectors.
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Numerical experiments: RTR vs Krylov [GY02]

10

— RTR
GY

10 B
10 B

10 - B

1072

0 5(‘)0 10‘00 1500
Distance to target versus matrix-vector multiplications.
Symmetric/positive-definite generalized eigenvalue problem.
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Conclusion: A Three-Step Approach

» Formulation of the computational problem as a geometric
optimization problem.

» Generalization of optimization algorithms on abstract manifolds.

» Exploit flexibility and additional structure to build numerically
efficient algorithms.
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A few pointers

» Optimization on manifolds: Luenberger [Lue73], Gabay [Gab82],
Smith [Smi93, Smi94], Udriste [Udr94], Manton [Man02], Mahony
and Manton [MMO02], PAA et al. [ABG04, ABGO7]...

» Trust-region methods: Powell [Pow70], Moré and Sorensen [MS83],
Moré [Mor83], Conn et al. [CGT00].

» Truncated CG: Steihaug [Ste83], Toint [Toi81], Conn et
al. [CGTO0Q]...

» Retractions: Shub [Shu86], Adler et al. [ADM102]...
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