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Abstract

This paper presents a robust stability and performance analysis for an uncertainty
set delivered by classical prediction error identification. This nonstandard uncer-
tainty set, which is a set of parametrized transfer functions with a parameter vector
in an ellipsoid, contains the true system at a certain probability level. Our robust
stability result is a necessary and sufficient condition for the stabilization, by a
given controller, of all systems in such uncertainty set. The main new technical
contribution of this paper is our robust performance result: we show that the worst
case performance achieved over all systems in such an uncertainty region is the so-
lution of a convex optimization problem involving Linear Matrix Inequality (LMI)
constraints. Note that we only consider Single Input Single Output (SISO) systems.
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1 Introduction

This paper is part of our continuing effort to close the gap between time-
domain prediction error identification and robust control theory (Bombois et
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al., 1999; Gevers et al., 2000; Bombois, 2000). We have shown in (Bombois
et al., 1999; Gevers et al., 2000; Bombois, 2000) that a prediction error iden-
tification step with a full order model structure can be used as a procedure
for model set validation. The key advantage of using a full order model struc-
ture is that the estimated error is due to the noise only (no bias error): see
(Ljung, 1999). This full order identification step can be performed either on
the system itself (Bombois et al., 1999; Bombois, 2000) or on the model error
(Ljung, 1998; Gevers et al., 2000). In both cases, it delivers an uncertainty
region D containing the true system at a certain probability level, to be cho-
sen by the designer. As shown in (Bombois, 2000), this uncertainty set D
has a generic structure in which the elements are ratios of transfer functions
parametrized by a real vector ¢ that belongs to an ellipsoid. Such uncertainty
set is specific to prediction error identification (or validation), and is clearly
nonstandard in mainstream robust control theory. It is described by the fol-
lowing Proposition (Bombois et al., 1999; Gevers et al., 2000; Bombois, 2000).

Proposition 1 Consider a true linear time-invariant system y = Gou + v,
where Gy s a rational SISO transfer function and v is additive noise. Let
G(z,0) be a full order model structure such that Gy = G(z,0¢) for some &y. The
uncertainty region D resulting from either open loop or closed loop prediction
error identification with the unbiased model structure® G(z,0), and which
contains the true system Gy at a prescribed probability level, can always be
described in the following generic form:

€+ZN(S

D= {G(z,é) | G(z,0) = 1+ 2,0

and § € U={5 | (0 —6)TR(6 - 9) < 1}}(1)

where § € R* is a real parameter vector, 5 is the parameter estimate resulting
from the identification step, R is a symmetric positive definite matriz € RF*F
that is proportional to the inverse of the covariance matriz of 5, Zn(z) and
Zp(z) are row vectors of size k of known transfer functions, and e(z) is a
known transfer function.

The uncertainty region D of Proposition 1, which we have baptized “generic
prediction error (PE) uncertainty set” in (Gevers et al., 2000), is a direct result
of the use of a prediction error method with an unbiased model structure for
the construction of an uncertainty set. The true system belongs to D with
some probability level a which the user is free to select; that level is directly
connected to the scaling of the matrix R.

2 We have recently extended our analysis to the case of possibly biased models
using a stochastic embedding approach (Goodwin et al., 1992) (see (Bombois et
al., 2000)).



In this paper, we no longer discuss how this set arises from prediction error
identification or validation. Rather, we take this generic set D as the starting
point of a robust control analysis. We develop a necessary and sufficient con-
dition for the stabilization of all plants in such a set D by a given controller
C. More importantly, we show how to compute the worst case performance
over all closed loop systems made up of the controller C' and all plants in D.
We show that this worst case performance can be computed exactly by an
LMI-based optimization problem. Note that we only consider SISO systems.

Comparison with other uncertainty regions deduced from measured
data. Note that the uncertainty set D is directly deduced from measured data;
no prior assumptions are required on the magnitude of the noise and of the
impulse response. The only important restriction imposed in the Prediction
Error procedure that leads to the uncertainty set D is that the model structure
contains the true system; the same holds for the Model Error Model approach
developed by Ljung (Ljung, 1998) for open-loop validation and extended to
closed-loop validation in (Gevers et al., 1999). This assumption has recently
been relaxed in (Bombois et al., 2000).

Other uncertainty regions, that do not have the structure of our set D, have
been described in the literature, based on rather different assumptions and
methods (Chen, 1997; Poolla et al., 1994; Milanese, 1998; Hakvoort, 1994). In
(Chen, 1997; Poolla et al., 1994) and references therein, a method is proposed
to decide whether a postulated region with bounded uncertainties is consistent
with measured input-output data (the so-called model invalidation concept).
In (Milanese, 1998) (and references therein) a hard bound assumption is made
on the noise and on the impulse response of the true system in order to derive a
parametric uncertainty set using set membership identification. In (Hakvoort,
1994) an additive uncertainty region is estimated on the basis of a stochastic
noise assumption, but with a known prior bound again on the impulse response
of the true system. Furthermore, the approach presented in (Hakvoort, 1994)
is restricted to linearly parametrized models, such as FIR models, whereas our
uncertainty set D is described by rational transfer functions with denominator
uncertainty.

Robustness analysis of D. Our robust stability result for the uncertainty
set, D takes the form of a necessary and sufficient condition for the stabilization
of all plants in D by a given controller C'. This result is obtained by recasting
the closed-loop connections of the controller C' and the systems in D as a
Linear Fractional Transformation (LFT) (see e.g. (Zhou et al., 1995)) where
the uncertainty part is a real vector. The necessary and sufficient condition
is then deduced from the results in (Rantzer, 1992). A necessary and suffi-
cient condition could also have been derived from the results in (Biernacki et
al., 1987). However, the advantage in our approach is that we recast the uncer-
tainty region D as a rank-one LF'T which allows us to possibly use the convex



or quasi-convex optimization methods of (Rantzer and Megretski, 1994) for
the solution of robust control design problems using such uncertainty set D.

The main technical contribution of this paper, however, lies in the procedure
for robust performance analysis. We provide an exact computation, using an
LMI-based optimization problem, of the worst case performance over all closed
loops made up of the controller C' and all systems G(z,d) in the uncertainty
region D. The performance of a particular loop [C' G(z, )] is here defined as
the largest singular value of a weighted version of the matrix containing the
four closed-loop transfer functions of this loop. Our definition of the worst
case performance is thus very general and, by an appropriate choice of the
weights, allows one to derive most of the commonly used worst case perfor-
mance measures, such as e.g. the largest modulus of the sensitivity function.
The LMI formulation of the problem uses the fact that the uncertainty part
(i.e. the real parameter vector) appears linearly in the expression of both the
numerator and the denominator of the systems in the uncertainty region D
and, as a consequence, also appears linearly in the expression of the different
closed-loop transfer functions.

Some solutions have already been proposed for the computation of the worst
case performance over model sets described by parametric uncertainties. How-
ever, they are not applicable to our model set D of Proposition 1. In (Fan and
Tits, 1992; Ferreres and Fromion, 1997), the worst case performance in an un-
certainty region described by an LFT is computed using an extension of the
structured singular value u. However, this is done only for a limited number
of parametric uncertainties, which do not cover the case of a real vector as
in our uncertainty region D. In (Bhattacharyya et al., 1995, page 402), the
authors give a procedure for the computation of the worst case performance in
uncertainty regions defined by a real vector that is constrained to lie in a hy-
percube. This is achieved by replacing the original problem by a fixed number
of simple optimization problems involving one parameter. This procedure can
not be used for the computation of the worst case performance in D, where
the real uncertainty vector is constrained to lie in an ellipsoid and not in a
hypercube.

Paper outline. In Section 2, the robust stability analysis procedure for the
uncertainty region D is developed. In Section 3, the concept of worst case
performance level is introduced and the LMI-based optimization problem de-
veloped for its computation is given. Our procedures are illustrated by an
example in Section 4. Finally, some conclusions are given in the last section.



2 Robust stability analysis of D

Consider an uncertainty region D given by (1) and containing Gy at some
probability level. We now give a necessary and sufficient condition for the
stabilization by a given controller C' of all plants in D. This theorem is based
on results presented in (Rantzer, 1992).

Theorem 2 Consider an uncertainty set D of the form (1) and a controller
C(2) = X(2)/Y(z) ® that stabilizes the center of that set, G(z,0). Then all
models in D are stabilized by C(z) if and only if

ma o (Mp(e7)) < 1, )

where
o Mp(z) is defined as

—(Zp + M T

1+ (Zp + X))

MD(Z)

e T is a square root of the matriz R defining U : R = TTT.

o ¢ =T(6—10), whereby § € U < ||, < 1

o u(Mp(e’?)) is called the (real) stability radius of the loop [Mp(z) ¢]. For
a real vector ¢ it is computed as follows:

p(M (i) = [|Re(M)[3 — ELLIRGIT if (M) 0
u(M () = (M, if Im(M) = 0.

(4)

Proof. The proof consists of showing that the set of feedback loops [C' G(z, )]
can be recast in a framework to which the results of (Rantzer, 1992) can be
applied. It is easy to prove that the closed-loop connection of a plant G(z,d)
in D with the controller C' can be restated in the general LFT framework of
robust stability analysis by introducing the signals p; and ¢ such that p; = dq

p1 = dq
_ e+Zn6,., (Zn—eZp)d
y_§+éfg5u—(e+ 17705 U . CJ"J(IA(ZZ) o (5)
u=—Cy N —€4p

= (=7, — 2\

¢=(=2p 1+eC )P

3 X(z) and Y (2) are the polynomials corresponding to the numerator and to the
denominator of C(z), respectively.



We now show the equivalence between the set of loops [C' G(z,6)] for all § € U
and the set of loops [Mp(z) ¢] for all ¢ such that |¢|, < 1, by replacing ¢ and

its uncertainty domain U by the real vector ¢ = T(5 — 6) and its uncertainty
domain |¢|y < 1. With p 2 ¢q and § = 6 + T~'¢, we have

p1 = 0q P=9¢q
=

(6)

q = Mi(2)py g =T—p = Mp(z)p

The necessary and sufficient condition then follows from the fact that Mp(z) €
H, and from a result in (Rantzer, 1992). This result states that (4) is the
stability radius of the set of loops [Mp(z) ¢] whose uncertainty part is a real
vector constrained to lie in a two-norm unit ball.

3 Robust performance analysis of D

In Section 2, we have presented a procedure to check whether a controller C'
stabilizes all plants in the uncertainty region D. However, stabilization does
not imply good performance with all plants in D. In this section, we show
that we can evaluate the worst case performance in the uncertainty region D,
i.e. the worst level of performance of a closed loop made up of the connection
of the considered controller and any plant in D. Modulo the probability that
Gy € D, the worst case performance in D is of course a lower bound for the
closed-loop performance achieved with the true system.

3.1 The general criterion measuring the worst case performance

There is no unique way of defining the performance of a closed-loop system.
However, most commonly used performance criteria can be derived from some
norm of a frequency weighted version of the stability matrix H(G,C) of the
closed-loop system [C' G| made up of G in feedback with the controller C.

Definition 3 Given a plant G(z) and a stabilizing controller C(z), the per-
formance of a closed-loop system [C G] is defined as the following frequency
function

J(G,C, W, W,,Q) = oy (Wi H (G(e7%), C ()W) (7)

where Wi(z) = diagWy, W) and W,(z) = diag(W,1,Wya) are diagonal
weights, o1(A) denotes the largest singular value of A, and H(G,C) is de-



fined as follows:

Hy, (G, C) Hyi»(G, C ge_ G
H(G,C): 11( ) 12( ) _ 1+§*C 1+1GC ) (8)
Hy (G,C) Hpn(G,C) 1+GC 11GC

The worst case performance criterion over all plants in an uncertainty region
D is then defined as follows.

Definition 4 Consider an uncertainty region D of systems G(z,0) with § €
U. Consider also a controller C(z). The worst case performance achieved by
this controller at a frequency 2 over all systems in D 1is defined as:
Jwe(D,C, W, W,,Q) = max oy (WH(G(e/7,0),C(e")W,).  (9)
G(z,0)eD
Note that Jy ¢ is a frequency function : it defines a template. Using appro-
priate weights W, and W;, more specific worst case performance measures
(such as the largest modulus of one of the four closed loop transfer func-
tions) can be defined. For instance, the largest modulus of the sensitivity

function Ho(G(z,0),C) for a system G(z,0) € D can be computed choosing
W, = W, = diag(0, 1).

3.2 Computation of the worst case performance

We now present, a procedure for the computation of Jy (D, C, Wy, W,, Q) at
a given frequency (2. This procedure must be repeated at each frequency in
order to obtain the shape of the frequency function Jy .

Theorem 5 Consider an uncertainty region D defined in (1) and a controller
C(z) = X(2)/Y (2) *. The worst case performance at Q) defined in (9) is equal
t0 \/Vopt, where Yopy is the optimal value of v for the following standard convex
optimization problem involving LMI constraints evaluated at the frequency §2:

minimaize vy
over Y, T (10)

subject to T > 0 and

Re(au) Re(alg) R —Rg
-7 o <0
Re(a?,) Re(aaz) (=R0)T 6TR) —1

where ayy = (ZNWiWnZn + ZWisWieZp) —v(QZ{ Z1), a19 = Z3W)iWihe+
WiWiZp —=1(QZ7 (Y +eX)), az = e WiWine+WisWip —y(Q(Y +eX)* (Y +

* X(z) and Y (z) are the polynomials corresponding to the numerator and to the
denominator of C(z), respectively.



eX)), Zi = XZn+YZp and Q = 1/(X*W WX + Y*W5LW,,Y).

Proof. It is important to note that H,(z,0) £ W,H(G(z,8),C(z))W, is of
rank one. Using the definition of the closed-loop transfer matrix H in (8) and
the expression of G(z,d) in (1), the weighted matrix H,(z,d) can therefore be
rewritten as follows:

Wi (e+Zn9)

H,(z,0) = | Yredtao (XWH YW,«Q) (11)

Wia(1+Zp9d)
Y+eX+2Z16

with 71 = XZy +Y Zp. Proving Theorem 5 is equivalent to proving that the
solution 7, of the LMI problem (10), evaluated at €2, is such that:

VYopt = rgleaUX Jl(Hw(em, ) <= Yopt = rglea(;( Al(Hw(em, 6)*Hw(em, 4))

where 01(A) and A\;(A) denote the largest singular value and the largest eigen-
value of A, respectively. An equivalent and convenient way of restating the
problem of computing maxsey A1 (Hy, (€72, 6)* H,, (¢, 6)) is as follows:

minimize vy such that A\ (H, (e’ 8)*H,(e7%,6)) — v < 0 Vs € U.

Since H,(e’?,d) is a rank one matrix, we have that \; (H,(e’?, 6)* H,(e’?, 6))—
v < 0 is equivalent with

*
W“(e+ZN6) W“(e+ZN6)

Yred 0 VXD N (XA W X + Y W WLY) -y < 0 <=
Wia(14+ZpJ) Wia(14+ZpJ)
Y+eX+7Z10 Y+eX+7Z10
*
Wi (e+Zn0) Wi (e+Zn0)
Y+eX+Z16 Y+eX+7Z10
I, 0
Wia(1+Zpd) 2 Wip(1+Zpd) | < () (12)
Y+eX+Z16 0 _’)/Q Y+eX+216
1

with @) as defined in (10). By pre-multiplying (12) by (Y + eX + Z,J)* and
post-multiplying the same expression by (Y + eX + Z;d), we obtain:

*

Wi (e + Zn9) L0 Wi (e + Zn6)
2
Wiz(1 + Zpd) 0 -0 Wie(1+ Zps) | <0 (13)
-
Y +eX+ 70 Y +eX+ 7,0

which is equivalent to the following constraint on ¢ with variable vy

ag)
% T
) ajl a ) ) Re(ayy) Re(a )
e <0< (a11) Re(aro) < 0(14)
1 ajy Go2 1 1 Re(aj,) Re(ag) 1



with a11, a12 and agy as defined in (10). The equivalence in (14) is due to the
fact that d is real.

Expression (14) is equivalent to stating that A (H, (e, 8)* Hy, (€71, 8)) —v < 0
for a particular 0 in U. However, this must be true for all 6 € U. Therefore

the last expression must be true for all 4 such that
p(9)

T ~
4] R —RY d

1 (—ROT STRS—1) \ 1

<0

which is equivalent to the statement “6 € U”.

Let us now recapitulate. Computing maxsey A (Hy, (€7, 8)* H,, (€7, §)) is equiv-
alent to finding the smallest v such that «(d) < 0 for all ¢ for which p(d) < 0.
Since the domain of § is only constrained by one LMI (i.e. p(d) < 0), by the
S procedure (Boyd et al., 1994, page 23), the last problem is equivalent to
finding the smallest v and a positive scalar 7 such that «(§) — 7p(d) < 0, for
all § € R, which is precisely (10).

4 Example

To illustrate our results, we present an example of controller validation for a
model identified in closed-loop. Let us consider the following true system G|
with an Output Error structure:

gi)
T 0.10472 1 + 0.08722 2 ‘u L
~1- 15578271 +0.5769272

Y

where € is a unit-variance white noise. The sampling time is 0.05 second.
We perform an indirect closed-loop identification of an unbiased closed-loop
transfer function 7'(8) by collecting 1000 reference and output data on the true
system in closed loop with an output-feedback controller K =3 : u = 3(r —y)
(see (Bombois et al., 1999) for details). This controller stabilizes Go. The

open-loop model G(6) = T'(9)/(K(1 —T(0))) corresponding to T'(J) is equal
to

~0.1060z"" +0.09282 2
1 —1.5308z"1 4 0.546722

G(6)

~

Control design. From the model G(¢), we have designed a controller with a
phase advance : C'(z) = (1.8464 —1.36472"") /(1 — 0.45452~"). With this con-
troller, the designed closed-loop [G(d) C] has a stability margin of 57 degrees



and a gain margin of 10dB. The cut-off frequency (2. is equal to 0.5 which cor-
responds to an actual frequency w. = 11 rad/s. Before applying this controller
C(z) to the true system, we verify whether it achieves satisfactory behaviour
with all plants in the uncertainty region D¢y. This uncertainty region D¢y, is
constructed from the estimated covariance matrix Ps of the parameters of the

closed-loop model T'(9) (see (Bombois et al., 1999) for details). It contains the
true system G at a probability level equal to 0.95, and is given by

7(5)

Do ={G(0) | G(6) = KA=10)

and 0 € UCL}

where Ugp = {0 | (6 — 8)" Py (6 — 8) < 12.6}. As shown in (Bombois, 2000),
it is easy to prove that D¢y has the general structure (1).

Robust stability analysis. Using the procedure presented in Section 2, we
check whether C stabilizes all plants in D¢, For this purpose, we construct the
row vector Mp,,, (z) defined in Theorem 2 and we compute the corresponding
stability radius u(Mp,, (¢/})) at all frequencies in [0 7]. The maximum over
these frequencies is 0.1313. Since this maximum is smaller than 1, we conclude
that C'(2) stabilizes all plants in D¢y, and therefore also the true system Gy,
at least with probability 0.95.

Robust performance analysis. In order to verify that C' gives satisfactory
performance with all plants in D¢y, we compute at each frequency the worst
case modulus tp,,, (2, Hay) of the sensitivity function “Hsyy” achieved by C over
all plants in D¢p,. This can be done by computing Jy ¢ (Dcyr, C, W;, W,., Q) us-
ing Theorem 5 with the particular weights W, = W, = diag(0, 1). The worst
case modulus of the sensitivity function over all models in D¢y, is represented
in Figure 1. In this figure, the worst case performance level tp., (2, Has) is
compared with the sensitivity functions of the designed closed loop [C' G(6)]
and of the achieved closed loop [C' Gy]. From tp., (2, Has), we can find that the
worst case static error (=tp,, (0, Hy)) resulting from a constant disturbance
of unit amplitude is equal to 0.1692, whereas this static error is 0.0834 in the
designed closed-loop. The achieved static error is 0.1017. Using tp,,, (€2, Hao),
we can also see that the bandwidth of €2, = 0.5 in the designed closed-loop
is preserved for all closed loops with a plant in D¢y, since tp,, (2, Hy) is
equal to 1 at 2. ~ 0.5. The difference between the resonance peak of the de-
signed sensitivity function (i.e. maxgq || Haz(G(0),C) ||= 1.6184) and the worst
case reasonance peak achieved by a plant in D¢y, (i.e. maxqtp,, (2, Hyp) =
1.7075) also remains small. Note that the actually achieved resonance peak
(i.e. maxq || Haa(Go, C) ||) is equal to 1.6229.

We may therefore conclude that the controller C' achieves sufficient perfor-
mance with all plants in D¢ since the difference between the nominal and
worst case performance level remains very small at every frequency. With

10
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Fig. 1. tp,, (Q, Hyg) (solid), || Haz(G(9), C) || (dashed) and || Hoz(Go, C) || (dashdot)

such stability and performance analysis results, one would confidently apply
the controller to the real system, assuming that the nominal performance is
judged to be satisfactory.

5 Conclusions

This paper matches prediction error identification and robustness theory which
have often been seen as incompatible theories. Indeed, we have shown in
(Bombois et al., 1999; Gevers et al., 2000; Bombois, 2000) that prediction
error identification, in open or closed loop, yields a parametric uncertainty re-
gion D that takes the generic form described in Proposition 1. We have shown
in this paper that this generic uncertainty region D is amenable to robust
stability and robust performance analysis. Our solution to the robust stability
problem is obtained by recasting the set of closed loops in a standard form
using a sequence of transformations. Our solution to the robust performance
problem, which is the main technical contribution of this paper, is the exact
LMI-based computation of the worst case performance achieved by a given
controller in closed loop with all models in the uncertainty set D.

Acknowledgements

The authors acknowledge the Belgian Programme on Inter-university Poles of
Attraction, initiated by the Belgian State, Prime Minister’s Office for Science,
Technology and Culture. The last author also acknowledges support of Of-
fice of Naval Research, Washington and U.S. Army Research Office Far East,
Tokyo. The scientific responsibility rests with its authors.

11



References

Bhattacharyya, S.P., H. Chapellat and L.H. Keel (1995). Robust Control - The
Parametric Approach. Prentice Hall, Upper Saddle River, New Jersey.

Biernacki, R.M., H. Hwang and S.P. Bhattacharyya (1987). Robust stability with
structured real parameter perturbations. IEEE Transactions on Automatic
Control 32(6), 495-506.

Bombois, X. (2000). Connecting Prediction Error Identification and Robust Control
Analysis: a new framework. PhD thesis. Université Catholique de Louvain,
Belgium.

Bombois, X., M. Gevers and G. Scorletti (1999). Controller validation based on
an identified model. In: Proc. 38th IEEE Conference on Decision and Control,
Phoenix, Arizona. pp. 2816-2821.

Bombois, X., M. Gevers and G. Scorletti (2000). Controller validation for stability
and performance based on a frequency domain uncertainty region obtained by
stochastic embedding. In: Proc. 39th IEEE Conference on Decision and Control,
Sydney, Australia. Paper TuMO06-5.

Boyd, S., L. El Ghaoui, E. Feron and V. Balakrishnan (1994). Linear Matriz
Inequalities in Systems and Control Theory. Vol. 15 of Studies in Appl. Math..
SIAM. Philadelphia.

Chen, J. (1997). Frequency-domain tests for validation of linear fractional uncertain
models. IEEE Transactions on Automatic Control 42(6), 748-760.

Fan, M. K. H. and A. L. Tits (1992). A measure of worst-case Ho, performance and
of largest acceptable uncertainty. Syst. Control Letters 18, 409-421.

Ferreres, G. and V. Fromion (1997). Computation of the robustness margin with
the skewed p-tool. Syst. Control Letters 32, 193-202.

Gevers, M., B. Codrons and F. De Bruyne (1999). Model validation in closed-loop.
In: Proc. American Control Conference, San Diego, California. pp. 326-330.

Gevers, M., X. Bombois, B. Codrons, G. Scorletti and B.D.O. Anderson (2000).
Model validation for control and controller validation: a prediction error
identification approach. Submitted to Automatica.

Goodwin, G.C., M. Gevers and B. Ninness (1992). Quantifying the error in
estimated transfer functions with application to model order selection. IEEFE
Trans. Automatic Control 37, 913-928.

Hakvoort, R.G. (1994). System Identification for Robust Process Control. PhD
thesis. Delft University of Technology, The Netherlands.

Ljung, L. (1998). Identification for control - what is there to learn. Workshop on
Learning, Control and Hybrid Systems, Bangalore.

12



Ljung, L. (1999). System Identification: Theory for the User, 2nd Edition. Prentice-
Hall. Englewood Cliffs, NJ.

Milanese, M. (1998). Learning models from data: the set membership approach. In:
Proc. American Control Conference. Philadelphia, USA. pp. 178-182.

Poolla, K., P. Khargonekar, A. Tikku, J. Krause and K. Nagpal (1994). A
time-domain approach to model validation. IEEE Transactions on Automatic
Control 39(5), 951-959.

Rantzer, A. (1992). Convex robustness specifications for real parametric uncertainty
in linear systems. In: Proc. American Control Conference. pp. 583-585.

Rantzer, A. and A. Megretski (1994). A convex parametrization of robustly
stabilizing controllers. IEEE Trans. Aut. Control 39(9), 1802-1808.

Zhou, K., J.C. Doyle and K. Glover (1995). Robust and Optimal Control. Prentice
Hall, New Jersey.

13



