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Linear, Multivariable, Time-Varying Systems*

I. M. Y. Mareelst and M. Gevers}

Abstract. For continuous-time, multiple-input, multiple-output, linear systems,
we present conditions under which the persistency of excitation of one regression
vector implies the persistency of another regression vector derived from the first
via a linear, dynamical transformation. We then introduce a definition of sufficient
richness for vector input signals in the form of a persistency of excitation condition
on a basis regression vector. Finally we establish input conditions which guarantee
the persistency of excitation of a large class of regression vectors obtained from
both time-invariant and time-varying systems.
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1. Introduction

Persistency of excitation and sufficient richness have a longstanding history. These
concepts were first introduced as conditions for parameter identifiability in identifi-
cation [L]. In the adaptive control context they were introduced to guarantee the
exponential convergence of adaptive algorithms [A], [MN]. Their importance for
the robustness of adaptive algorithms with respect to model errors was first recog-
nized in [MN]. Later the concept of persistency of excitation was more fully
developed in [IK] and [AB] where related notions such as “dominant richness”
have been introduced.

A continuing research effort has already produced a wealth of results concerning
the generation of persistently exciting “regression vectors” by filtering a scalar- or
vector-valued input function through a dynamical linear, time-invariant filter. Both
continuous-time [1K], [AB], [BS1] and discrete-time [IK], [AB], [BS], [GM],
[GT] results are available. Our contribution is motivated by [BG], where per-
sistency of excitation is used in a nonstationary environment. Also in [BG] a more
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general type of regression vector is introduced, which spurred us to consider in
greater detail the relationship between different regression vectors.

Our results are presented in continuous time, but our methods of proof, which
are new and rather simple, can be transliterated into the discrete-time case without
difficulty. This is unlike most previous approaches which were either specifically
conceived for continuous time [D], [BS2], [DAT] or discrete time [GM], [JA],
[AJ], [M].

The main contributions of this paper are as follows. We introduce a new definition
of sufficient richness for vector input signals in the form of the persistency of
excitation of a basis regression vector, and we present conditions under which the
persistency of excitation of one regression vector implies the persistency of excitation
of another regression vector derived from the first by a linear dynamical transforma-
tion. This allows us, in particular, to establish the persistency of excitation of the
output or state of a multiple-input, multiple-output (MIMO) system from the
sufficient richness of its input vector.

Some of our results for time-invariant systems already exist, but only in the more
restricted context of stationary signals (having a spectral measure) together with a
definition of sufficient richness based on spectral lines [AB], [BS1], [GM], [BS2].
No stationarity assumption is required here. This important generalization allows
us to treat time-varying systems.

Indeed, we derive conditions under which these latter persistency of excitation
results extend to linear time-varying systems with both slow and fast time variations.
To the authors’ knowledge, the only other instances where persistency of excitation
results for nonstationary systems are considered, are found in [D]. Our approach
yields a simple proof for a more general result involving more general regressors in
the presence of more general nonstationary effects; only slow time variations were
considered in [D].

This paper is organized as follows. Section 2 contains the basic definition of
persistency of excitation and introduces some notations. Section 3 contains some
technical results, “swapping lemmas,” which are used in Section 4 to infer the
persistency of excitation of the output (the state) of one time-invariant MIMO
system from the persistency of excitation of the output (state) of another MIMO
system that is dynamically related to the first. This leads to a new operational
definition of sufficient richness for vector input signals. In the case of single-input,
single-output (SISO) systems a sharper result is obtained; it allows us to state exactly
under what conditions persistency of excitation of a signal is or is not preserved
through dynamical filtering. This is the object of Section 5. Finally, our most
important results are in Section 6, where we give conditions under which the output
(state) of a linear time-varying system is persistently exciting provided that the input
is sufficiently rich. We present results for systems whose parameters vary slowly or
rapidly compared with the dynamical behavior as excited by the input.

2. Definitions and Notations

In this section we define and comment on the concept of persistently exciting vector
functions and introduce some notation.
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Definition 2.1. A bounded locally square integrable vector function ¢: R —» R"1is
said to be persistently exciting if there exist a constant s, and positive constants Ty
and a such that

’ 1 s+To
?—J oM)eT(t)dt = al >0 forall s> s,. (2.1)
) 0Js

Comment 2.1. Notice that if (2.1) holds for a T, > 0 it also holds for all T > T,
possibly with a different a-constant, however, not smaller than «/2. In particular,
(2.1) implies that
1 s+T
lim inf 4,;, [—j oo™ dt] >a0/2>0 (2.2)
Tt T $

uniformly in s, for all s > s,4. Alternatively, (2.2) obviously implies (2.1) for bounded,
(locally) square integrable ¢’s. Notice that if (2.1) holds for a given s, it also holds
for sq = 0, possibly with a larger T, and a smaller «. We choose Definition (2.1)
because it offers more flexibility.

The importance of the concept “persistently exciting function” is captured by the
observation that ¢(r) being persistently exciting is equivalent to the uniform (ex-
ponential) asymptotic stability of the zero solution of the differential equation

x(t) = — (e (O)x() (2.3)

[A], [MN]. A far-reaching interpretation of this equivalence connects the per-
sistency of excitation of ¢(¢) to the concepts of uniform observability and identifi-
ability, see, e.g., [A], [MN], and [AJ].

Throughout this paper we assume that the signal vector u(r) is bounded and
locally (Riemann) integrable. In addition we use the following notation: PE stands
for persistently exciting or persistency of excitation; SR stands for sufficiently rich;
BIBS stability stands for bounded input, bounded state stability; D denotes deriva-
tive with respect to time; D,uvT = uDvT; ||-|| denotes the vector 2-norm or the
corresponding induced matrix norm; and A% stands for the adjoint of the matrix A.

3. Some Swapping Lemmas

If a vector ¢, is PE, then clearly a vector ¢, = A, with 4 constant and of full row
rank is also PE. In analyzing adaptive identification and/or control algorithms it
is important that we can infer the persistency of excitation of one vector-valued
function from the persistency of excitation of another vector-valued function which
is linked to the first by some linear, dynamical transformation. For example, we
may want to infer the persistency of excitation of ¢, from that of ¢, when ¢, and

@, are as follows:
— u u LIS u T
(pl S+d (S+ d),,_l ’

0 -(u u u T
2 s+c, S+Cpy )’

with d positive and the c; positive and distinct.
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In this section we set up some tools allowing us to do so. Consider the linear
systems

%(t) = Fxi(t) + Gu(t), (3.1
yit) = Hix,(t) + Juu(2), (32

where u is the m-dimensional input, x; the n-dimensional state, and y; the p-
dimensional output; F;, G;, H,, J; are (real) matrices of appropriate dimensions.
Define

p(s) = det(s] — F), (3.3)
Q9(s) = Hy(sI — F)* + J, det(s] — F) (34
and introduce the notation
p(s) = pg’s"‘ + pPsmt o+ 0 s+ pP with pf =1, (3.5
QO) = Qfs™ + QP 4+ + 0015 + QU (36)
The following result is a direct consequence of the Cayley—Hamilton theorem—

see p. 657 of [K].

Lemma 3.1. For the linear systems (3.1) and (3.2) with the definitions (3.3)—(3.6) we
have that

k=1
00 =Jpl + ) P HFG, k=1,..,n, )
=0
and
Q= J. (3.8)
The next lemma links the inner product of y; and a suitable test function y with the

inner product of u and y.

Lemma 3.2. For any row vector test function y: R — R', n; times continuously
differentiable on R we have

J " PO(=D,)y ()Y (e) dt = f " O(—=D,)u(@®y(t) dt + g°(to, t,),  (39)

o to

where g®) is given by

i k-1
g%, 1)) = k; z;o (= D' H Fix () D* ™Y ()]}
= —H(=D, — Fyx,(y ;. (3.10)

Proof. Using integration by parts, and equations (3.5) and (3.6),

f " D) dt = J Hyx (o)D) dt + f " D) de

o to o
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= Hx D"yl - f HEx 0D () de

0

+ f " Ju(®)D4y() dt — J ! H,Gu()D* "y (1) dt

o to

= "f (— DHFix (D @) + (= 1) J . H Frx (0w (e) dt
=0

fo

+ j @D d— | S (= ) HFIGu D) de.
t to =0

1]

Hence, using the definition of p®(—D,),
1y
J PA=D,)ydt)y(t) dt

- Zo (= 1P f LDy (c) de

ni

£ 3 (=)0, T (<1 f HEGuOD () de
=0

t
= 1o

nj k=1
+ 3 (=10 Y (= D HFx(@)D* (o).
k=1 =0
Rearranging the double sums, and using Lemma 3.1, we arrive at

f l P(= D)y () dr = f ' QO(=Dy)u(ey(t) de - H(—D, — F)*ix, )y (I3

o
| ]

Expression (3.9) relates y; to u since, roughly speaking, p¥(D)y;(t) = 0(D)u(t),
without imposing restrictive assumptions on the differentiability of u and y;. The
following result goes a step further, establishing similar relationships between the
outputs y,, y, produced by the same input u but by different linear systems. We have:

Lemma 3.3. Consider the systems (3.1)-(3.4) and assume there exist polynomial
matrices TY)(s), T'?(s) such that

TO(5)QN(s) = TA()QP(s). (3.11)

Then for any row vector test function . R — R, sufficiently continuously differenti-
able on R, Y € C*, n = max(n, + deg T®, n, + deg T'V), we have that

f ' TO(—D,)pV(—=D,)y, (¥ () dt

(o]

- f " (= D,)p (= Dy)y,OW(0) dt + ¢4 Dto, 1), (3.12)

1]
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where g2 is given by
g P(to, t,) = —TO(=Dy)H (=D, — F ) ix, () ()}
+ T®(—D,)H,(—-D, — Eyx, )y @)l;:. (3.13)

Proof. The proof follows from a repeated application of Lemma 3.2. |

4. Time-Invariant Systems

In this section we show that if the output of a time-invariant MIMO system is
persistently exciting, the output of a “related” time-invariant MIMO system is also
persistently exciting. Roughly speaking, the relationship is in terms of the zeros of
the second system being a subset of the zeros of the first. A precise statement is as

follows.

Theorem 4.1. Consider two MIMO systems (defined as in (3.1)—(3.6); i = 1, 2) with
the following assumptions:

Al u(t)e L.
A2 RelF)<0,i=1,2,j=1,...,n,andn, > n,.
A3. There exist constants t,, o, > 0, §; > 0, T, > 0 such that

1 +T
1= ?J ywyT@de>a,l  forall T>T,, t=t,. (41)
t

A.4. There exists a constant matrix R € RP2*P1 of full row rank such that
Q4(s) = RQWs). (4.2)

Then there exist constants o, > 0, f;, > 0, and T, > T, such that

t+Ty

1
B.1 = o V2 (QyI(R)dr > a,l  forall t>1t,. 4.3)
2 Jt

Proof. Foranyt >t, and T > T, define ¢(1) € RP* on (t, t + T) as the solution
of

PU(-D)p@) =yI@ o+ D) =gVt + D)= ="+ T)=0,
4.4)

and (1) € RP! as
Y(1) = pPP(=D)o(r), et t+T) (4.5)

(¥ is well defined because n, > n,). The Cauchy-Schwarz inequality yields

t+T t+T
f ¥2(0)y1 () dff YT (@(x) de

t+T +T T
2( f y2DY () dT) (f Y2 () dT) . (4.6)
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By Lemma 3.3
t+T +T
f Y27 (1) dr = f Ry, (m)yi(x) dz — g2, ¢ + T). (4.7)
t ° t

It follows by A.1 and A.2 that there exist K, K, such that
Y@l <K, <o and [g"?(tt+ T)| <K,<oo foralls, T, (4.8)

where gt 2" denotes the transpose of g**?). Here and in the sequel of this proof, the
underlying norm is the vector 2-norm. Therefore, for T > T,

1 +T 1
= ¥2(0)y3(e) dt 2 =5 [0} T?RR” — 2B, TK, | R| I]. (4.9)
T J, KiT
Denoting
2B, K, |IR]l
* N 4.10
4 Lo (RRT) @19
and taking T, > max(T;, T*) yields (4.3) with 8, = ||y, |, and
1 2B, K, IR
o, = -k—f[af}.min(RRT) — ——’—%— . ] 4.11)

Comment 4.1. We might wonder how the bound T* in (4.10) can be reduced,
or o, in (4.11) increased. This will be particularly relevant to our time-varying
results of Section 6. Suppose p'*)(s) and p'*)(s) are fixed, and note that y =
(pP(—D)/p'"V(—D))y,, and that [|g*-?|| = O(||¢| Ily, ||)- Assume now that the input
signal amplitude is increased by a factor C. Then it follows that a, §;, K2, and K,
are increased by a factor C2. Therefore B, K,/a?, and hence T*, remain essentially
unchanged, and the same holds for a, /K?} and B, /K?. It follows from (4.11) that a,
is roughly proportional to C?, the input power. Another way to increase «, is by
increasing a, /B, , i.e., by decreasing the condition number of the PE matrix (4.1).

Comment 4.2. In the case of periodic input signals (u{t + T) = u(t)), the result of
Theorem 4.1 can be strengthened in the sense that (4.3) holds for T, = T, = T,
provided ¢ is large enough. This follows from the fact that, for periodic signals, the
term g'**?(¢, t + T) in (4.7) decays exponentially fast as t approaches infinity.

Comment 4.3. Tt is possible to define ¢(t) as the solution of (4.4) with the end
conditions determined in such a way that g 2(¢, ¢ + T)is zero for almost all ¢. The
requirement g‘*+2(t, t + T) = O imposes a linear relation in ¢®(t) and ¢®(t + T)
(i=0,...,n—1). A detailed and cumbersome analysis reveals that it is possible to
satisfy this relation generically. The present approach is more straightforward,
yielding more easily obtainable estimates for a5, f,, and T;; however, it fails to
show that T; = T, generically, which would follow from the above-mentioned
alternative.

Corollary 4.1. If x,(t) and x,(t) are generated by (3.1) with assumptions A.1
and A2, and if x,(t) is PE and there exists a constant matrix R € R">*™ sych
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that
(sI — F,)*¥iG, = R(sl — F,*4G,, 4.12)

then x,(t) is PE.

Comment 4.4. 1In[BS2](and [BS] where the discrete-time case is discussed) a result
analogous to this corollary is presented. The main difference is that here the signals
(4, y) are not required to be stationary which is fundamental in the approach
presented in [BS] and [BS2]. It is necessary to remove this condition in order to
discuss PE (or SR) in the context of linear time-varying systems.

Notice that the output vectors y, () and y,(t) of Theorem 4.1 can also be written
(mixing time and Laplace transform notations)

__ ! sa -
yit) = 500 0% (s)u(r), i=1,2 4.13)
The result then says that if p'*)(s) and p‘¥(s) are Hurwitz, with deg(p'V) > deg(p'®)
and if Q'¥(s) = RQ")s), then the persistency of excitation of y,(t) implies the
persistency of excitation of y,(t). It seems natural, then, to characterize the sufficient
richness of an input signal u(z) in terms of the PE of a particular regressor vector
¢(t) from which all regression vectors generated by systems of a given order can be
derived by a PE preserving dynamical transformation.

Definition 4.1. A signal u(t): R — R™ is called sufficiently rich of order (n,, ..., n,/n)
if, for any y > 0, there exist constants t,, « > 0, and T > 0 such that

t+T
%J YW T(t)dr>al  forall t>¢, (4.14)
t
with _
[ 1 0 0
s : :
smTt0 0
0 1
: s
Y = ——1—_7 0 smt 0 |u(), (4.15)
(s + ‘Y) .......................
0 0 1
: s
i 0 O S""'—l_

where n > max n,.
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The following result now follows immediately from Definition 4.1 and Theorem
4.1.

Theorem 4.2. Let u(t): R — R™ be sufficiently rich of order (n, + 1,...,n,, + 1/n+ 1)
and let

1
t) = —=0(s)u(t 4.16
Y0 = 25 QEu) (4.16)
with the following assumptions:

(1) p(s) is scalar and Hurwitz with deg(p(s)) < n.

(2) Q(s)is a polynomial matrix of dimension p x m with column degreesn,,...,n,,
and deg q;(s) < deg p(s) for all i, j.

(3) The system (4.16) is output reachable, i.e., there exists no a # 0, o« € RP such that

aTQ(s)=0 foralls.
Then y(t) is PE.

Proof. With () as defined by (4.15), it is easy to see that y(t), given by (4.16), can
be generated as

s+
y() =———Ry(1)
p(s)
for some R e RP*Z™, By assumption A.3, R has full row rank. The result then
follows from Theorem 4.1. ]

Comment 4.5. Theorem 4.2 allows us to establish easily the persistency of excita-
tion of a number of regression vectors that commonly arise in adaptive estima-
tion and adaptive control problems. In particular, if u(t): R — R™ is PE of order
(n, n, ..., n/n), then the following commonly used regression vectors are PE:

u u T
“"(‘)=(” s+d (s+d)"“>’

© u u T
=1lu ,
e s+c¢ S+ Cpq

Ps(t) = —(—5(14 LT ) L
provided d > Ofor ¢, (t), the c; are positive and distinct for ¢, (t), and p(s) is a Hurwitz
polynomial of degree n — 1 for ¢,(t). To prove this, the only task is to establish the
output reachability of the system from u to ¢, which is easily done.
In some problems the regression vector is of the following type:

y(®)
u(t)

o) = H(s)[ :I, yt):R->RP, u(t)::R-R™, o) R-R, (4.17)
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where y(t) is the output of a time-invariant system driven by u(t) (see, e.g., [BG]):
y(&) = G(s)u(r). 4.18)

To infer persistency of excitation of ¢(t) from a sufficiently rich u(t), the main
difficulty is to prove that the system (4.17)—(4.18) is output reachable. We have the
following result.

Theorem 4.3. Consider the system (4.17)—-(4.18) with H(s) and G(s) proper. Let
H(s) = Q(s)/p(s) where p(s) is the least common denominator of the entries of H(s),
and G(s) = A™(s)B(s), a left coprime polynominal matrix fraction description
(PMFD). Then ¢(t) is output reachable from u(t) if and only if

aTQ(s) = BT(s)[A(s) : —B(s)]  foralls,
for some a«eR" and some P(s) e R"[s],

implies a=0, and f(s)=0. (4.19)

Proof. Let G(s) = M(s)R™!(s), where M(s)R™*(s) is a right coprime PMFD, and
note that

o(6) = H(s) B 8] - H(s)[GI(s):I u() & T(s)u(t). (4.20)

Now ¢(t) is output reachable from u(t) if
«TT(s)=0 foralls, with a«eR implies a=0 (4.21)
or, equivalently, if,

M(s)

aTQ(s) [R (s)] =0 foralls, with aeR" implies a=0. (4.22)

Next we note that, since A™(s)B(s) = M(s)R™1(s), it follows that [A(s) : — B(s)]is
in the left nullspace of [M(s):l. Since [M(s):l has dimension (p + m) x m and
R(s) R(s)
rank m, and since the p rows of [A(s) : — B(s)] are linearly independent for all s
by coprimeness, it follows that they span this nullspace.
a. Sufficiency. Suppose (4.19) holds, and suppose that there exists a vector « € R"
such that

M@}
aTQ(s) [ R (s):l =0 foralls. 4.23)
Then a7Q(s) is in the left nullspace of []: ((:)):I. Hence aTQ(s) = BT(s)[A(s) : —B(s)]

for some B(s), and this implies @ = 0, B(s) = 0 by (4.19); hence ¢(t) is output reachable
from u(r).
b. Necessity. Suppose (4.22) holds, and assume that «7Q(s) = BT(s)[A(s) : — B(s)]



Persistency of Excitation Criteria for Time-Varying Systems 213

for all s, for some o € R" and B(s) € R?[s]. Then

M) _ . M)
aTQ(_s)[ R(S)J = BTAW : —B)] [ R

Hence a = 0 by (4.22), and therefore B7(s)[A(s) : —B(s)] = 0 for all 5. This implies
B(s) = 0 by coprimeness of [A(s), B(s)]. ]

:I =0 foralls. (4.24)

Comment 4.6. We note that condition (4.19) implies in particular that H(s) must
be output reachable.

Corollary 4.2. Consider the system (4.17)—(4.18) with (4.18) SISO. Let H(s) =
Q(s)/p(s) as before. Then a sufficient condition for output reachability of ¢(t) from
u(t) is:

(1) H(s) is output reachable.
(2) deg Q(s) < deg G(s), where deg Q(s) = max{deg gq;;(s)} and deg G(s) is the
McMillan degree of G(s).

Proof. Let G(s) = b(s)/a(s) where a(s) and b(s) are coprime polynominals in s. Then
¢(t) is output reachable if
b(s)

T
x Q(S)[a(s)
By (1), «7Q(s) = O for all s implies « = 0, and by the degree condition and the

J =0 for all s implies a = 0. (4.25)

b
coprimeness of [a(s), b(s)], TQ(s)(# 0) cannot be in the left nullspace of [azg] |

It follows immediately that if u(¢) is sufficiently rich of order (2n/2n) and if (4.18)
is SISO with McMillan degree n, then the following commonly used regression
vectors (see, €.g., [AB] and [BG]) are PE:

1
= — s cee gnd u su - sy T,
@4(2) Cra [y sy y ]
T
y y u u
t = e u “s e ,
@s(t) I:y s+cy s+ ¢,y s+ ¢ s+c,,_1:|

with & > 0 in ¢,(t) and the ¢; positive and distinct in ¢s(z). This follows from

t
the fact that these regression vectors can be written as ¢(t) = (Q(s)/p(s)) [18]
with Q(s)/p(s) output reachable by Theorem 4.3 and with deg Q(s) <n — 1 and

deg(p(s)) = 2n — 1.

5. A Special Case: SISO Systems

In the previous section we have related the persistency of excitation of the output
of one linear time-invariant system to the persistency of excitation of the output of
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another linear time-invariant system driven by the same input. Restricting ourselves
to SISO systems it is possible to derive a more complete result, describing how
persistency of excitation is propagated through linear systems.

Lemma 5.1. Consider the following time-invariant SISO systems with transfer func-
tions

yi(e) = Hs)u(t), i=12, (5.1)
_ a0
Hi(s) = ) (5.2)

Assume that the H(s)'s are strictly stable, proper but not strictly proper, and have the
same zeros with zero real part. Under these conditions, if y, is PE, i.e., if there exist
oy, By, Ty > 0 and t, such that

1 ft+T,
o) € — yi@di<B, for t>t,, (5.3)
7-'l. Jit
then y, is PE, i.e., there exist a,, B,, T, > 0 and t, such that
1 ft+T,
% < = i@y dr< B, Jor t>t,. (54)
2 Jt

Proof. Under the assumptions we have
2(deg p, —deg q,) > deg p, — deg q,. (5.5)
In fact, both sides of (5.5) are zero. The Cauchy—Schwarz inequality yields

+T, 1+T, 2 t+T,
j 30 drzg y2(x)o(7) dr) / f @*(7) dr.

Defining ¢(t) and y(t) as the unique bounded solutions of
@(t) = p2(—D)q,(— D)y (1), (5.6)
¥1(8) = p1(—=D)q(— D)y (1), (5.7

where q,(D) = ,(D)4(D), g contains the common zeros of q, and q,, q; has no zeros
with zero real part (by assumption), hence guaranteeing the existence of . Notice
that (5.5) implies that ¢ is well defined via (5.6). Using the swapping Lemma 3.3 we
then have

1+T, t+T, 2 t+T3
J ¥3(7) drz( f yi@yde +g(t,t + Tz)) / f ¢*(z) dr.

The proof continues along the lines of the proof of Theorem 4.1. ]

Lemma 5.2. Consider the two time-invariant SISO systems (5.1) and (5.2). Assume
now that the transfer functions Hy(s) are strictly stable, strictly proper, and have the
same zeros with zero real part. Then y, is PE if y, is PE.
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Proof. If H, and H, do not satisfy condition (5.5), then a repeated application of
the proof of Lemma 5.1 with condition (5.5) yields the desired result. Indeed, it is
possible to construct a finite sequence of HY, j =1, ..., m, such that each pair
(Hy, H]), ..., (HY, HY*™), ..., (H{™, H,) satisfies the assumptions of Lemma 5.2
and condition (5.5), hence obtaining the sequence of implications:

y1 PE= H{"u PE=---= H{™uy PE = y, PE. |

Comment 5.1. Itis clear that PE properties can only be lost by actual canceling of
the effect of certain frequency components present in the input signal. There is also
a very simple frequency domain interpretation of Lemma 5.1. If a scalar signal u
has a spectrum and if y = Hu, with H scalar, stable, and output reachable and with
Jjo axis zeros jay, ..., jo,, then y being PE is equivalent to the spectral measure of
u being supported on at least one point different from w,, ..., w, (see, e.g., [AB],
[BS], and [BS2]).

6. Time-Varying Systems

6.1. Slow Time Variations

In this section we derive persistency of excitation conditions for time-varying
systems whose parameter variations are sufficiently slow. In the first theorem we
compare the persistency of excitation for the output of a slowly time-varying system
with that of an approximating time-invariant system.

Theorem 6.1. Consider the time-varying system

{x(z) = F(0)x(2) + G(t)u(®),
(&) = H()x(2) + J(©)u(o),

with x: R - R", u: R - R™, y: R — RP?, and with the following assumptions:

A.1. F(t), G(t), H(t), and J(t) are bounded, regulated matrix functions of t.

A.2. There exist K > 0 and a > 0 such that |®(t, ty)]| < Ke ™% for all t, t,,
where ®(t, t,) is the state transition matrix of #(t) = F(t)z(t).

A.3. There exist ¢ > 0 and T > O such that, for all t and for all s,te(t,t + T),

IF(s) — F@)l <&,
1G(s) — GO <&,
1H(s) — HD)ll <&,

(6.1)

and
IJ(s) = J@I <& (6.2)
Ad4. There exist o, >0 and T, with 0 < T, < T, and, for all t,, there exists

g € (ty, to + T,) such that:
(i) Re L(F(o)) < —a,,i=1,...,n
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(ii) The output J(t) of the frozen system
{f(t) = F(o)X(t) + G(oJu(t),  X(to) = x(to),
y(8) = H(a)x(t) + J(o)u(t)

is PE over an interval of length T, i.e., there exist ay > 0 and t_ > O such
that

(6.3)

1 to+ T
T Js

Then y(t) is PE for ¢ sufficiently small, i.e., there exists €, > 0 such that if ¢ < ¢,,
then there exists a, > 0 such that
1 to+T,

T ),

O (ydt =2 a3l  forall to=2t->0. (64)

yoyT)dt=ad  forall to=>t_>0. (6.5)

Proof. Consider an arbitrary t, > t- and a o € (o, to + T;) satisfying A.4. Denote
e(t) = x(t) — X(t), t € (tq, to + T;). Then

e(t) = f' "N [F (1) — F(0)1x(r) + [G(r) — G(0)]u(r)} dr.

{+]

It follows by A.2, A.3, and A 4 that
sup  fle()l < Ky elluly, (6.6)

tg<St<to+Ty

for some finite K, > 0. Now
y(8) — y(8) = H(o)e(t) + [H() — H(0)]x(8) + [J(2) — J(a)]u(®).
Therefore, uing A.1, A.3, and (6.6)
sup  ly(1) — J(OI < Kaelull, (6.7)

to<t<to+T,

for some finite K, > 0. Now for all t; > ¢_

1 to+T,
—T—f YYT(s) dr
1 Jep

to+ T,

> —
2T1 to

o+ T

t
@y (@) dr —- T j 0@ — ¥@ILy() — §(@)]" de

0

oy 2
> ‘2‘—K§32||u"m 1. 6.8)

J3/2
Lete, = fK 0,;;/” ). Then, for ¢ < ¢,, there exists a, > 0 such that (6.5) holds. ]
2 ]

Comment 6.1. The main assumption in Theorem 6.1 is A.3 which characterizes
the slow time variations. Note also that assumptions A.2 and A.4 are not com-
pletely independent given A.3, i, given that the system is slowly time-varying: see
Chapter 1 of [C].
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Our main result for slowly time-varying systems shows that if the input is
sufficiently rich of prescribed order and if the variation of the parameters is slow
enough, then a regressor vector containing filters of the input and output is per-
sistently exciting provided a uniform output reachability condition is satisfied.

Theorem 6.2. Consider the time-varying system (6.1), and the regression vector.
1 y(t)]
)=—-0(s , 6.9
o0 =5 “[um (69)

where p(s) is a polynomial and Q(s) is an r x (p + m) polynomial matrix, with the
following assumptions:

A.l. F(t), G(t), H(t), and J(t) are bounded, regulated matrix functions of t.

A.2. There exist K > 0 and a > 0 such that |®(t, t,)l| < Ke ™™ for all ¢, t,,
where ®(t, t,) is the state transition matrix of 2(t) = F(t)z(t).

A3. There exist ¢ > 0 and T > Q such that, for all t and for all s,te(t,t + T),

IF(s) — F(O)ll <&,

1G(s) — Gl <&,

IH(s) — H(7)|| <&,
and

IJ(s) —J(@I <e.

A.4. p(s) is Hurwitz and deg p(s) £ g > max; ; deg g;(s).
A.5. u(t) is bounded and sufficiently rich of order (n+q+1,...,n+qg+1/
n+q+ 1), ie,there exist t;, 0, > 0,0, >0,and T, > 0,and, with T, < T,

such that
1 t+T,
ol < ;F—J VW Tty dr<a,I  for t>t,, (6.10)
1 Jt
where Y(z) is defined as in (4.15) with n,, n,, ..., n,, and n replaced by
n+q+ L

A.6. There exist a3 >0 and o, > 0, and, for all t > 0 and t,, there exists o €
(to, to + t) such that:

Q) Re 2,(F(0)) < —as. (6.11)

(i) With H(o)[sI — F(0)]'G(0) + J(0) & M,(s) = B,(s)/a,(s), where a,(s)
is the least common denominator of the entries of M,(s), the system

L Q(s) I:M"(S):l is uniformly output reachable, i.e.,
p(s) L,
B,(s) |[ Bus) 1"
<06 [a,(s)zm] [aa(s)lm:I 7 2 ¢.12

Jor all such g, all s, and all c € R" with |c|| = 1.
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Then ¢(t) is PE for sufficiently small ¢, i.e., there exist e* > 0,05 > 0,and T, > T,
such that

Pt+ T,

T (DT (1) dt = asl forall t>t, and O0<e<e*. (6.13)
2 Jt

Proof.

Step 1. We generate @(t) from a frozen system and establish an upper bound for
lle(r) — @(x)|j. Consider arbitrary to and t with t, <t,,0 <t < Tandaoe(ty, to +t)
satisfying A.6 and let 7(t) be generated by (6.3) for that fixed o. Define

_ Q(s) [Y(T)]
t) = —- . (6.14
20 =20 Lue )
Then, by assumptions A.1-A.4 and the fact that t < T, it follows that
sup  le(® — o)l < eCllull, (6.15)
tg ST <L+t

for some finite constant C, a function of the system (6.1) and the filter Q(s)/p(s).
Notice that C is proportional to the operator gain K/a of the system (6.1).

Step 2. We show that the regression vector of the frozen system is PE. Notice that
@(t) can be written as

R ¥(1) (6.16)

B n+q
o ]“(’) - (;(:)Z(s) ’

a,(85)1,
for some R, e R™*m®*a*1) We can therefore apply Theorem 4.1 to ¥ and o,

with the following identifications: ¥ = y,, @ = y,, and R, = R, noting that
Amin(R,RY) = a, for all o, by A.6(ii). Therefore there exists ag > 0 such that

o 1
o(r) = P00 Q(S)[

1 g+ T,
7 PO)eT()dt > agl  for T, >max(Ty, T*), 6.17)
2 Jrg
where
20,K,{|R
e = 22K2lRe g Ry, = sup IR (6.18)
a1a4 I
and
1 22,K, IRl
a = iﬁ[afa“ e 6.19)

Here K, and K, have the same meaning as in (4.8). They depend on y, «;, &, p(s),
0Q(s), and the unknown system via a,(s) and B,(s): see (4.4), (4.5), and (3.13), and recall
Comment 4.1.

Step 3. By combining the PE property of 3(z) and the closeness of ¢() and ¢(z),
we show that ¢(z) is PE for ¢ sufficiently small. For t, > ty, and provided T, < T
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(see (6.18) and A.3), we have, using (6.17) and (6.15),

T, T oo ™(x) dr
totTy _r 1 (to+tT: ~ -
> TR . P(r)p (1) dr — T '[o [o() — #(9)][e(c) — (D)7 dr
> (2—6 — C? ||u||;>1. (6.20)

Therefore ¢(z) is PE, i.e., (6.13) is satisfied for some a5 > 0 provided in A.3, with
T > max(T,, T*), ¢ < ¢* where

w1 % _
T /2 %, N (6.21)

Comment 6.2, In A.5 we have assumed that u(¢) is SR of order (n+ g+ 1,...,
n+ g+ 1/n + g + 1) rather than (n,, ..., n,/n + q + 1) with different n,. This is
because we have not made any assumption on the structural indices of B, in A.6.
Of course, if more knowledge about the structure of the time-varying system is
available, it can be used to weaken the SR requirement on u(r) in A.S.

Comment 6.3. It follows from Comment 4.1 that a4 increases in proportion to the
input signal power ||u|2. Therefore the ratio \/a_6 /llull, is essentially unaffected by
the amplitude of the input signal, while C is a function of the actual system and is
proportional to K/a (see A.2). It follows that ¢* in (6.21) can only be increased, within
a limited margin, by decreasing the condition number a,/«, in the PE condition on
u(t): see (6.10). Some very preliminary results on how to choose u(t) to minimize the
condition number of the PE matrix in (6.10) are discussed in [MB].

6.2. Fast Time Variations

The result of Section 6.1 shows that the persistency of excitation condition derived
for linear time-invariant systems is robust with respect to sufficiently slow time
variations in the system description. We now extend this result to include also the
effects of sufficiently fast time variations. (Actually we prove a more general result,
concerning the effect of integral small perturbations on PE of which fast time
variations are a special case.)

The main result of this section relies on the following lemmas, which discuss the
effect of “integral small” perturbations on the dynamics of linear time-varying,
stable systems.

Lemma 6.1 [C, p. 6]. Consider the time-varying, linear system
X1 (8) = F(t)x(t) (6.22)
and the perturbed linear system

%5(t) = (F(1) + F1(9)x,(0). (6.23)
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Assume that:

A.l. Equation (6.22) is uniformly asymptotically stable, i.e., there exist K > 1 and
a > 0, such that its transition matrix O, (t, ©) satisfies

1®,(t, 1) < Ke™ ™9 forallt, . 6.24)
A.2. F(¢) and F,(t) are uniformly bounded, regulated matrix functions:
IFle =M, |Fl,=M.

A.3. F,(t) is integral small, i.e., there exist h> 0 and 6 > 0 such that for all

[ty —t;| <h
12
j F,(r) dt

< 0.

Under these assumptions the perturbed system has a transition matrix ®,(t, ) satisfying
lD,(t, 1)| < K(1 + 8)e™®™?  forallt,x,
where

b=a-— <3MK<5 + %loge[(l + 6)K]>. (6.25)

Comment 6.4. Lemma 6.1 states that stability is preserved for sufficiently small &
and sufficiently large h, e.g, 6 < a/12MK and h > (4 log,(1 + 8)K)/a guarantees
b>a/2

The next lemma considers the effect of an integral small input on the response of
an asymptotically stable linear system.

Lemma 6.2. Consider the time-varying, linear system
X(t) = F(t)x(t) + B(z), x(to) = Xo- (6.26)
Assume that:

A.1. The homogeneous system has a transition matrix satisfying (6.24) for some
K>1landa>0.

A2. F(t) and B(t) are regulated, bounded matrix functions of t with
max (|| Flle, |1 Bll) = M.

A.3. B(t) is integral small, ie., there exist h >0 and 6 > O such that for all

[ty =t <h
[#]
j B(r) dt
L5

Under these assumptions the solution of (6.26) satisfies

x(t; o, Xo)l| < Ke ' |Ixo|| + C§  forall t, to

< 4.

where

C=K (1 + %) / (1 — e™°). 6.27)
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Proof. The solution of (6.26) can be written as

x(t; ty, Xg) = D(t, tp)xo + f @(¢, 1)B(t) dt. (6.28)

to

Define

C(r) = f B(s)ds for some arbitrary ¢,.
t

1

Integrating by parts, we then have

J * 0(t, 1)B() dr = B(t, ICE)[ ~ f * F@o(, () de.

1 31

Using A3, forall |t, —t;|<h

f * o(t, 1)B(x) de

1

< Ke™#t712§ 4 MKéle‘“““z’
a

<déK < 1+ M)e“""'l’. (6.29)
a

For the last term in (6.28) we obtain
n—1
<y
k=0

where n is such that

+

J’ ®(t, 1) B(1) dt

V]

to+(k+1)h
J. ®(t, 1)B(1) dt

o+kh

1]
J. O, 1)B(t) dr|, (6.30)
to+nh
to+nh<t<ty+(n+ h

Using the estimate (6.29) in (6.30) and using A.1 for the first term in (6.28) yields the
desired result. n

Integral smallness captures a large class of perturbations, e.g., it is preserved under
multiplication with a signal having a “band limited” spectrum:

Lemma 6.3. Provided v(t) and v(t) are uniformly bounded,
WVlo = Vo,  Wlo =V,

and that B(z) is integral small, i.e., there exist h > 0 and 6 > 0 such that for all

Ity =ty < h
JZB(r) dt
ty

then B(t)v(t) is also integral small, and for all |t, — t,| < h

<4, (6.31)

< 8(V,y + hV)). (6.32)

r B@v(d) dr

1
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Proof. By partial integration we have

r B(®) dt v(t,) — J ’ f " B(z) dr (o) di

1

<oVo+6V,h. W

fz B(e)v() dt

The previous lemmas allow us to establish our main result on preservation of
persistency of excitation under integral small perturbations. The next theorem is a
counterpart of Theorem 6.1. It establishes that if the output of a time-varying system
is PE, then it remains so if the system dynamics and its input are perturbed by
integral small perturbations.
Theorem 6.3. Consider the linear time-varying system
X, (t) = F(t)x,(t) + G(t)u(z), x(to) = Xo, (6.33)
y1(8) = H@)x, () + J ()u(t), (6.34)
and the perturbed system
X, (8) = (F(t) + FL(0)x(t) + G()u(r) + G, (), x(to) = Xq, (6.35)
y(t) = H({t)x(t) + J()u(t). (6.36)
Assume that:

A.l. F(¢), Fy(t), G(t), G, (), H(t), and J(t) are bounded, regulated matrix functions

of t:
Max(| Fllos |1Fyllos [1Glls G llos 1H oy 1V llec) = M

and u(t) is bounded: ||ull, = U.

A.2. The transition matrix ®(t, 7) for {(t) = F(t){(t) is exponentially stable, i.e., it
satisfies (6.24) for some K > 1 and a > 0.

A.3. y,(t)is PE, ie., there exist a,, §,, T > 0, and t, such that

1 t+T
a,l < ?J @Oy @Tde < I forall t>1t,.
H

A.4. F(t) and G,(t) are integral small, i.e., there exist 6, h > O such that for all
[ty — 13| <h
t2
U F (t)dt

Jtl G(t)dt

1

< 4,

< 4.

There exist positive constants 5¥, 6%, and h* depending on the system and on o, such
that if A4 holds with h > h* and 0 < & < min( 8}, (h*/h)d8% ) then the perturbed
system is BIBS stable and the output y(t) is PE.

Proof. We first establish the existence of positive constants ,, #*, and C, and a
time ¢, such that
|ly@) — y.(0)| < C,6 forall t>1t, 6.37)
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provided A.4 holds with 6 < 6} and h > h*. The constants , and h* only depend
on the system parameters, and C, depends on the system parameters and h. From
this it follows that for all ¢ with ||c[| = 1 and for all ¢ > ¢,

t+T t+T
7| e L [T o ds - s 1yto - o
t L. [-25

2 0(1 - C1262
o
z5
The last inequality holds for 0 < § < min(6}, (/,/2)- (1/C, (), h = h*.
We now establish (6.37). With e(f) £ x(t) — x, (), we have

é(t) = (F(t) + F,(D))e(t) + Fi(t)x((1) + Gy(1),  e(to) = 0.

From assumptions A.1 and A.2 it follows that
KM
I (O < Ke™ 7" x, ()1l + ——U forallrand t,.
Choosing t > t,, t, & ty(log,(MU/a|x,(ts)ll)/a), and using (6.33) we have

2K
Ix;(@®)] < ——-———M U forall t>1t,,
a

2KM
I, 0l < (T ; 1>MU forall t3 1,

From Lemma 6.3 (equation (6.3.2)) applied to F,(t)x, () we obtain that F,(t)x,(t) is
integral small, i.e, for all ¢, s > t, with |t — s| < h,

K
sé(M—MU +<2—aﬂ+ I)MUh).

a

* a
h 4loge[(1+12MK>K]/a,

8* = a/(12MK).

j' F (1)x,(1) dt

Define

This guarantees that the perturbed system (6.35) is BIBS stable for § < 6 and
h > h* as explained in Comment 6.4.
Now use Lemmas 6.1 and 6.2 to obtain

le@ < K(1 + 8)e™ @212 lg(r,)] + I:K(l + 5)(1 + ZTM:)/(I - e"‘“/z"'):lé

K
x[l+UM<ga—+<2K—M+l)h):| for t>1,,
a
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with M’ = max(2M, M(1 4+ (2KM/a)U)). Define

o= — 31 (1 +2M'/a)(1 + UMQ2K/a + 2KM/a + 1)h))o
PR (T = &) Je(e,)] ’

K(l +6M)(1 + 2M'/a)(1 + UM(2K/a + QKM/a + l)h))
(1- e—(ah‘IZ))

C3 (h) =

We then have, for all ¢t > t,,
le@®l < Cs(h)éd.

This establishes (6.37) by assumption A.1, with C,(h) = MC;(h). The result then
follows by identifying 6% as

= % ot 6.38
o3 hzh.fcl(h [C(h*) (6.38)

Comment 6.5. Assumption A.3 stating that the output of the time-varying system
(6.33)-(6.34) is PE might be established using Theorem 6.2. Of course, the unper-
turbed system (6.33)—(6.34) could be time-invariant as well and then any PE criterion
{e.g., those of Sections 4 or 5) could be used to guarantee A.3.

Combining Theorems 6.3 and Theorem 6.2 we deduce that the PE property is
robust with respect to the (combined) effect of slow time variations and integral
small perturbations in the description of the dynamics of the underlying systems/
filters. A corollary in the style of Theorem 6.2, including both slow time variations
and integral small perturbations is obvious.

Comment 6.6. Notice that given the stability properties of the unperturbed system
as well as «,, a lower bound for the minimum eigenvalue in the PE condition on
the output of the unperturbed system, we can compute the 8¥, 85, h* characterizing
how much the system can be perturbed without losing stability or PE of the output.
On the other hand, given 6§, 63, h* it is not always possible to preserve PE after
perturbation, as d5 (see (6.38)) varies in inverse proportion to the condition number
of the excitation, a, /B, (notice that §; = O((KM/a)U)?)! Recall Comment 6.1.

Comment 6.7. We comment upon the class of integral small perturbations. As
pointed out in [C, p. 8], a subclass of the integral small perturbations are zero mean,
fast time-varying, almost-periodic perturbations. Indeed, it is not difficult to show
that for any F(t) almost-periodic, zero mean, and for any positive é and h there
exists an w, = w(h, §) such that for all w > w, the signal F(wt) is integral small, i.e.,

l f ’ F(wt) dt

Comment 6.8. The meaning of slow and integral small signals can be deduced from
the bounds (6.21) and (6.38), respectively. For slow signals of the form sin wt, ¢ in
A.3 of Theorem 6.2 is of the order of w. Recalling that C ~ K/a, where K/a is the

<4 forall |t; —¢t;]<h
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gain of the unperturbed system, it follows that (6.21) requires that w « a. This is
completely in agreement with intuition; slow means frequencies well within the pass
band of the system. For integral small signals of the form M sin wt, § and h in A.4
of Theorem 6.3 are of the order M/w and 1, respectively. Bound (6.38) on § requires
then that wa » M?. Hence the larger the perturbations are in magnitude the faster
these should be. It is clear from this that integral small perturbations capture the
significant effects of fast perturbations.

7. Conclusions

A major stumbling block in establishing exponential convergence of adaptive
estimation or control schemes is often in demonstrating the persistency of excitation
of a regression vector somewhere in the adaptive loop given that a dynamically
related regression vector is PE or, better still, that an input signal (or reference
signal) is sufficiently rich. We believe that this paper significantly contributes to the
removal of this stumbling block in two major ways.

First we have produced conditions under which the output (or state) of a time-
invariant MIMO system is PE when it is dynamically related to the output (or state)
of another MIM O system. Defining a “sufficiently rich” vector input signal in terms
of the persistency of excitation of a basis vector (output or state of a first MIMO
system), and realizing that most commonly used regression vectors can be described
as the output (or state) of a MIMO system that is dynamically related to the first
one in a way that satisfies our conditions, we thereby solve the problem of estab-
lishing PE conditions for a large class of regression vectors arising in time-invariant
MIMO systems.

Our other major contribution is to extend these results to a large class of MIMO,
linear, time-varying systems, where the time variations must be either sufficiently
slow or integral small, or a combination of these. We have observed that sufficiently
fast time variations are contained in the class of integral small ones. We have also
given a rough quantitative description of the required frequency separation, in that
the slow time variations must be much slower than the dominant (i.e., slowest)
frequencies of the system, while the fast time variations must be much faster than
these. We finally note that by combining the results of Sections 6.1 and 6.2, we have
produced conditions on the time variations of a time-varying system (containing
both slow and fast parameter variations) that will guarantee the persistency of
excitation of a regressor derived from that system provided the input vector is
sufficiently rich in a well-defined sense.
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