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H2

y(t) = G0(z)u(t) + v(t),

z G0(z)
u(t) v(t)

v(t) = H0(z)e(t) e(t)
σ2

e
G0(z) H0(z)

G0(z)

C
C(z)G0(z) C(z) ∈ C

ρ ∈ Rn

u(t)

u(t) = C(z, ρ)(r(t) − y(t)),

r(t)

Ē [r(t)e(s)] = 0 ∀t, s

Ē[·]

Ē[f(t)] ! lim
N→∞

1

N

N
∑

t=1

E[f(t)]

E[·]

y(t, ρ) = T (z, ρ)r(t) + S(z, ρ)v(t)

T (z, ρ) =
C(z, ρ)G0(z)

1 + C(z, ρ)G0(z)
= C(z, ρ)G0(z)S(z, ρ)

ρ
y(t, ρ)

C

C = {C(z, ρ) = ρTβ(z), ρ ∈ $n},

β(z) n

z = 1.
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C(z, ρ) = [kp ki kd]
[

1 z
z−1

z−1
z

]T

.

M̄(z)

min
ρ

JMR(ρ)

JMR(ρ) ! Ē
[

(

(T (z, ρ) − M̄(z))r(t)
)2

]

.

CMR
d (z)

M̄(z)

CMR
d (z) =

M̄(z)

G0(z)(1 − M̄(z))
.

CMR
d (z)

M̄(z)

G0(z)

C

JMR(ρ)

u(t) y(t)
y(t)

r̄(t)

M̄(z)r̄(t) = y(t).

r̄(t)

y(t)

ē(t) = r̄(t) − y(t).

ē(t)
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ē(t) u(t)
CMR

d (z)

JV R(ρ) = Ē [u(t) − C(z, ρ)ē(t)]2

= Ē

[

u(t) −

(

C(z, ρ)
1 − M̄(z)

M̄(z)

)

y(t)

]2

C(z, ρ) ρ
ρ

ρ̂ = Ē
[

ϕ(t)ϕ(t)T
]−1

Ē [ϕ(t)u(t)]

ϕ(t) = β(z)ē(t)

CMR
d (z) ∈ C

∃ρd : C(z, ρd) = ρT
d β(z) = CMR

d (z)

ρd

ρ = ρd

u(t) ē(t) L(z)

|L(z)|2 = |1 − M̄(z)|2|M̄(z)|2
Φr

Φu
,

Φu u(t) Φr

r(t)
ρ

ρ̂ = Ē
[

ϕL(t)ϕL(t)T
]−1

Ē [ϕL(t)uL(t)]

ϕL(t) = L(z)ϕ(t) uL(t) = L(z)u(t)

ρ̂ = Ē
[

ζ(t)ϕL(t)T
]−1

Ē [ζ(t)uL(t)]

ζ(t) n

M(z, η) = ηT F (z),

η ∈ $q F (z) q

q

JV R
0 (η, ρ) = Ē

{

L(z)

[

u(t) −

(

1 − M(z, η)

M(z, η)
C(z, ρ)

)

y(t)

]}2

= Ē [uL(t) − C(z, ρ)ēL(η, t)]2

ēL(η, t) = L(z)ē(η, t)
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(η∗, ρ∗)
JV R

0 (η∗, ρ∗) = 0

∃η∗, ρ∗ : C(z, ρ∗) =
M(z, η∗)

[1 − M(z, η∗)]G0(z)
.

minη,ρ JV R
0 (η, ρ) = 0

argminη,ρ JV R
0 (η, ρ) = (η∗, ρ∗)

argmin
η,ρ

JV R
0 (η, ρ) = arg min

η,ρ
(η,ρ)!={0, 0}

J̃V R
0 (η, ρ)

J̃V R
0 (η, ρ) = Ē [LM(η)u(t) − LC(ρ)(1 − M(η))y(t)]2 .

z

J̃V R
0 (0, 0) = 0

M(z, η)

(η, ρ) = {0, 0}

M(η, 1) =
1

(η∗, ρ∗) M(z, η∗)
G0(z)

B(z)

β(z) G0(z) = nG(z)
dG(z)

G0(z)
G0(z)

M(z, η∗)

C(z, ρ∗) =
nM (z, η∗)dG(z)

[dM (z) − nM (z, η∗)]nG(z)
.

G0(z) nG(z)
z = 1 C(z, ρ∗)

B(z) z = 1
B(z) nG(z)

nG(z)
nM (z, η∗)

J̃V R
0 (η, ρ) = E{ηT F (z)[uL(t) + ρTβ(z)yL(t)]

−ρTβ(z)yL(t)}2

η ρ ρ η

η

η∗(ρ) ! arg min
η

J̃V R
0 (η, ρ)

= Ē
{

[F (z)w(ρ, t)][F (z)w(ρ, t)]T
}−1

×

Ē {[F (z)w(ρ, t)][C(z, ρ)L(z)y(t)]} .

w(ρ, t) ! L(z)[u(t) + ρTβ(z)y(t)]
w(ρ, t)

u(t), y(t), L(z) C(z, ρ)
η ρ

ρ∗(η) ! arg min
ρ

J̃V R
0 (η, ρ)

= Ē
{

[β(z)v(η, t)][β(z)v(η, t)]T
}−1

×

Ē {[β(z)v(η, t)][M(z, η)L(z)u(t)]} .

v(η, t) ! L(z)[1 − ηT F (z)]y(t)

η ρ

J̃V R
0 (η, ρ)

η̂(i) = arg min
η

J̃V R
0 (η, ρ̂(i−1))

ρ̂(i) = arg min
ρ

J̃V R
0 (η̂(i), ρ)

J̃V R
0 (η, ρ)

J̃V R
0 (η, ρ)

J̃V R
0 (η, ρ)
η̂(i), ρ̂(i)

L(z)
M(z, η) M̄(z)
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JV R
λ (η, ρ) = (1 − λ)JV R

0 (η, ρ) + λJV R(ρ).

λ = 0 λ = 1 λ = 1
λ = 0

JV R
λ (η, ρ) λ = 0

(η̂, ρ̂)
M(z, η̂)

M(z, η̂)
M̄(z)

M̄(z)
M̄(z) λ =

1

G1(z) =
(z − 1.2)(z − 0.4)

z(z − 0.3)(z − 0.8)
.

C(z, ρ) = ρTβ(z) = [ρ1 ρ2 ρ3]









z2

z2
−z

z
z2

−z

1
z2

−z









.

Cinit(z) =
−0.7(z − 0.4)(z − 0.6)

z2 − z
.

M(z, η) =
η1z

2 + η2z + η3

(z − 0.885)(z2 − 0.706z + 0.32)
.

M̄(1) = 1

M̄(z) =
0.07061z2

(z − 0.885)(z2 − 0.706z + 0.32)
.

C(z, ρ) =
−2.2693(z2 − 1.655z + 0.7007)

z2 − z
,

λ = 0 J̃V R
0 (η, ρ) η ρ

M(z, η̂(i)) T (z, ρ̂(i))
1 30

M(z, η̂(30)) T (z, ρ̂(30))

M(z, η̂(30)) C(z, ρ̂(30))
30

M(z, η̂(30)) =
−0.59084(z − 1.2)(z − 0.4022)

(z − 0.885)(z2 − 0.706z + 0.32)
,

C(z, ρ̂(30)) =
−0.59026(z − 0.8)(z − 0.3004)

z2 − z
.

M(z, η̂(30))
G1(z)

C(z, ρ̂(30))
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M(z, η) C(z, ρ) J̃V R
0 (η̂, ρ̂) G1(z)

i (M(z, η̂(i))) J̃V R
0 (η̂(i), ρ̂(i−1)) (C(z, ρ̂(i))) J̃V R

0 (η̂(i), ρ̂(i))

(×10−6) (×10−6)

−1.07760(z − 1.182)(z − 0.6404) −0.76020(z − 0.7448)(z − 0.5292)

−0.87825(z − 1.186)(z − 0.5686) −0.71172(z − 0.7704)(z − 0.4509)

−0.63076(z − 1.196)(z − 0.4291) −0.61096(z − 0.7963)(z − 0.3245)

−0.59617(z − 1.199)(z − 0.4061) −0.59312(z − 0.7996)(z − 0.3038)

−0.59512(z − 1.200)(z − 0.4054) −0.59256(z − 0.7997)(z − 0.3031)

−0.59084(z − 1.200)(z − 0.4022) −0.59026(z − 0.8000)(z − 0.3004)

i = 21

M̄(z)
λ = 1

M̄m(z) =
−0.35303(z − 1.2)z

(z − 0.885)(z2 − 0.706z + 0.32)
,

M̄m(1) = 1

T (z, ρ̂(30)) = M(z, η̂(30))
T (z, ρ̂) ρ̂

M̄m(z) T (z, ρ̂)
Mm(z) λ = 1

(η∗, ρ∗) G0(z)

M(z, η)

M̄f(z) =
0.064z2

(z − 0.6)3
,

f

Mf(z, η) =
η1z

2 + η2z + η3

(z − 0.6)3
,

λ = 0
30

0 5 10 15 20 25 30 35 40 45 50
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Am
pl

itu
de

Time (sec)

Step Response

M(η30)          
bar{M}m            
T(ρ) −> λ = 1

T (z, ρ̂(30)) = M(z, η̂(30)) M(η30) T (z, ρ̂)
T (ρ) λ = 1

{M}m
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0 5 10 15 20 25 30 35 40 45 50
−1

−0.5

0

0.5

1

0 5 10 15 20 25 30 35 40 45 50
−1

−0.5

0

0.5

1

bar {M}
M(ηi)
T(ρi)

Step Response

Time (sec)

Am
pl

itu
de

Step Response

Time (sec)

Am
pl

itu
de

i = 1 

i = 30 

{M} M(z, η̂(i)) M(ηi)
T (z, ρ̂(i)) T (ρi) G1(z) λ = 0

Mf(z, η̂(30)) =
−0.54223(z − 1.197)(z − 0.4021)

(z − 0.6)3
,

C(z, ρ̂(30)) =
−0.52336(z − 0.7932)(z + 0.0091)

z2 − z
.

1 30

J̃V R
0 (η, ρ)

T (z, ρ̂(30))

Mf(z, η̂(30))

M̄f,m(z)

M̄f,m(z) =
−0.3249z(z − 1.197)

(z − 0.6)3
.

λ = 1

C(z, ρ) =
−0.33598(z + 0.5622)(z − 0.8066)

z2 − z
.

0 5 10 15 20 25
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

M(η30)
bar {M}m
T(ρ) −> λ = 1

Step Response

Time (sec)

Am
pl

itu
de

T (z) G1(z)
λ = 0 λ = 1 M̄f,m(z)

λ = 0 λ = 1 M̄f,m(z)

M̄f (z)
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0 5 10 15 20 25
−1.5

−1

−0.5

0

0.5

1

1.5

0 5 10 15 20 25
−1

−0.5

0

0.5

1

bar {M}
M(ηi)
T(ρi)

Step Response

Time (sec)

Am
pl

itu
de

Step Response

Time (sec)

Am
pl

itu
de

i = 1 

i = 30 

{M} Mf (z, η̂(i)) M(ηi)
T (z, ρ̂(i)) T (ρi) G1(z)

Mf (z, η) C(z, ρ) J̃V R
0 (η̂, ρ̂) G1(z)

i (Mf (z, η̂(i))) J̃V R
0 (η̂(i), ρ̂(i−1)) (C(z, ρ̂(i))) J̃V R

0 (η̂(i), ρ̂(i))

(×10−6) (×10−6)

−0.95696(z − 1.136)(z − 0.5078) −0.69039(z − 0.7452)(z − 0.2133)

−0.83134(z − 1.161)(z − 0.5205) −0.66593(z − 0.7628)(z − 0.1892)

−0.63683(z − 1.194)(z − 0.4821) −0.59054(z − 0.7870)(z − 0.0980)

−0.57682(z − 1.196)(z − 0.4349) −0.54914(z − 0.7910)(z − 0.0352)

−0.54223(z − 1.197)(z − 0.4021) −0.52336(z − 0.7932)(z + 0.0091)

G2(z) =
(z + 0.2)(z − 0.4)

z(z − 0.3)(z − 0.8)
.

Cinit(z) =
0.7(z − 0.4)(z − 0.6)

z2 − z
,

M̄(z)
C(z, ρ)

M̄(z) =
0.46009z2

(z − 0.6673)(z2 + 0.3063z + 0.07661)
,

M(z, η) =
η1z

2 + η2z + η3

(z − 0.6673)(z2 + 0.3063z + 0.07661)
,

M(z, η)
G0(z)

M(z, η̂(40))
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M(z, η) C(z, ρ) J̃V R
0 (η̂, ρ̂) G2(z)

i (M(z, η̂(i))) J̃V R
0 (η̂(i), ρ̂(i−1)) (C(z, ρ̂(i))) J̃V R

0 (η̂(i), ρ̂(i))

0.68335(z − 0.4565)(z + 0.2618) 0.68557(z − 0.8190)(z − 0.2473)

0.68326(z − 0.4554)(z + 0.2584) 0.68539(z − 0.8189)(z − 0.2494)

0.68315(z − 0.4515)(z + 0.2483) 0.68498(z − 0.8180)(z − 0.2559)

0.68309(z − 0.4449)(z + 0.2330) 0.68441(z − 0.8155)(z − 0.2661)

0.68210(z − 0.4253)(z + 0.1933) 0.68219(z − 0.8074)(z − 0.2930)

0.68152(z − 0.4198)(z + 0.1833) 0.68134(z − 0.8052)(z − 0.2999)

M̄f(z) =
0.216z2

(z − 0.4)3
,

M̄f (z)

Mf(z, η) =
η1z

2 + η2z + η3

(z − 0.4)3
.

Mf(z, η)

Mf(z, η̂(10)) =
0.68702(z2 − 0.9865z + 0.3009)

(z − 0.4)3
,

Cf (z, ρ̂(10)) =
0.67926(z − 0.8134)(z − 0.1744)

z2 − z
.

Mf (z, η̂(10)) M̄f(z)

C(z, ρ̂) =
0.19874(z + 0.5094)(z − 0.7791)

z2 − z
.

M̄f(z)
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bar{M}
M(η10)

bar{M}
T(ρ)

Step Response

Time (sec)
Am

pl
itu

de

Step Response

Time (sec)

Am
pl

itu
de

Step 1 

Step 2 

{M} Mf (z, η̂(10)) M(η10)
T (z, ρ̂) T (ρ)

H2
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